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ABSTRACT

We characterize the conditions under which the wage distributions for two groups are consistent with a
general model of statistical discrimination. We adapt this theoretical characterization to develop a novel
empirical test, the rejection of which we interpret as evidence of taste-based discrimination. In doing so,
we provide a theoretical foundation via which the wage structure effect in the decomposition of wage
distributions can be interpreted as evidence of taste-based discrimination. We provide a proof of concept
application (using Census data) that generates suggestive evidence of taste-based discrimination against

Black male workers in several broad occupation categories.
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1. INTRODUCTION

While it is well established that economic outcomes for observationally identical individuals can differ
based on their group identity, it is significantly harder to determine the reason for these disparate out-
comes. Discrimination is one possible explanation. At a broad level, economists characterize discrimi-
nation as either szatistical (outcomes differ because of differences in information) or zaste-based (bias or
animus towards one group drives outcome differences). While both forms of discrimination are prob-
lematic, taste-based discrimination is particularly pernicious because, unlike statistical discrimination, it
is unresponsive to information. Establishing the form of discrimination is important both for account-

ability and to devise corrective policies.

Consider, for instance, the differences in the wage distributions for Black and White workers of identical
age and education who work the same jobs in the same location. Suppose that, despite being observation-
ally identical, White workers have higher average wages. Is such a wage gap the result of discrimination?
Not necessarily. Even if Black and White workers have the same average productivities, their productivity
distributions need not be identical. Thus, if wages were a nonlinear function of the workers’ productiv-
ities, wage gaps can arise even without any discrimination. Suppose instead, we assume that the entire
productivity distributions of both groups are identical. Then, the wage gap must be the result of some
form of discrimination butis it possible to infer the type? Clearly, taste-based discrimination can result in
wage gaps. But so can statistical discrimination. If employers receive different signals for each group, the
posterior distributions of perceived productivities (via these signals) for the employers can differ across

groups. Once again, if wages are nonlinear functions of perceived productivities, wage gaps can arise.

In this paper, we propose a general model of statistical discrimination in the labor market and theoret-
ically characterize the set of wage distributions that are consistent with this model. This is the set of
wage distributions that can theoretically be explained by statistical discrimination a/one. If a pair of ob-
served wage distributions does not lie in this set then, not only can we conclude that discrimination is
present but, we have also uncovered evidence of taste-based discrimination. This theoretical characteri-
zation in turn yields a nonparametric test for statistical discrimination, rejections of which we interpret
as evidence of taste-based discrimination. A strength of this approach is that it can be applied to com-
monly available cross-sectional data (such as Census data) and it provides a framework for interpreting
when the “unexplained” part of a wage distribution decomposition is evidence of discrimination in gen-
eral, and taste-based discrimination in particular. Our proof of concept empirical application provides

suggestive evidence of taste-based discrimination against Black workers in certain occupation categories.

Our modelis in the spirit of Phelps (1972). There are two groups whose productivity distributions differ.
The group identity is observable to employers, but productivities are not. Instead, employers learn about

the workers’ productivity from signals whose distributions may vary across the groups. For example, these



signals could be the information that employers receive from the job screening process that includes in-
terviews, tests, curricula vitae, data-driven software etc. Signal realizations induce posterior productivity
distributions (via Bayes’ rule) and, in particular, these can be used to compute posterior expected pro-
ductivities (the mean of the productivity conditional on the signal realization). Therefore, each group’s
signal generates a distribution over posterior expected productivities. Wages are then determined via a
strictly increasing, continuous function of the posterior expected productivity that, importantly, does
not depend on the group. The combination of assumptions make our model more general than others
in the literature: we do not require the productivity distributions or signal distributions to be Gaussian
(indeed, we make no parametric assumptions) and we allow for nonlinear wage functions to capture im-
perfectly competitive labor markets. Our theory aims to characterize the pairs of wage distributions that
are rationalizable by this model under different assumptions about the set of permissible productivity

distributions.

We first consider the baseline case where we assume that both groups have equal mean productivities but,
apart from this, the distributions can differ arbitrarily. We show that a necessary and sufficient condition
for a pair of wage distributions to be rationalizable under this assumption of equal mean productivities
is that neither wage distribution strictly first-order stochastically dominates the other. Thus, if wages
are ordered by strict first-order stochastic dominance, then they cannot be explained by statistical dis-
crimination alone. Importantly, this key insight applies to other, non-labor market contexts. It might
be particularly useful for audit and correspondence studies (as long as the outcome variable of interest
is non-binary) where it is assumed that both groups are identical on average but the type of discrimina-
tion is nonetheless typically hard to pin down.! Our result says that researchers in this space can uncover

taste-based discrimination by simply testing for strict first-order stochastic dominance.

Under non-experimental contexts, holding mean productivity constant is a bigger challenge. We argue
that an immediate consequence of our baseline result is a characterization of rationalizable wage distri-
butions assuming that one group has a weakly higher mean productivity: the wage distribution for the
group with lower mean productivity should not be strictly first-order stochastically dominant (we call
this the “ordered means” case). In the empirical application of this paper, we take this result to the data
while using education as a proxy for productivity (controlling for other covariates). If we observe that the
wage distribution of the group with lower mean productivity (less education) strictly first-order stochas-
tically dominates the wage distribution of the group with higher mean productivity (more education),
we interpret this as evidence of taste-based discrimination. We emphasize that, while it is well known that
simply observing mean wage differentials is not enough to conclude the #ype of discrimination, we show

that we can learn something about the type of discrimination by comparing the entire distributions of

! As Bertrand and Duflo (2017) observe: “while field experiments have been overall successful at documenting that discrimi-
nation exists, they have (with a few exceptions) struggled with linking the patterns of discrimination to a specific theory.”
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wages.

Our empirical application employs recent econometric advancements in distributional decompositions.
Specifically, we use the method of Chernozhukov, Fernindez-Val, and Melly (2013) to test whether the
wage distribution of Black male workers is strictly first-order stochastically dominated by the counterfac-
tual wage distribution generated by assuming that the wages for Black male workers are determined by
the same wage setting process as those of White male workers (in language familiar to labor economists,
this is the “wage structure” effect). In words, this compares the observed wage distribution for Black
workers with what they would receive if they were treated as White; we conclude taste-based discrimina-
tion is present if these distributions are ordered by strict first-order stochastic dominance. We implement
our test on two different data sets. Our main application conducts wage distribution decompositions
on publicly available Census data by creating samples where Black workers have more years of education
than White workers. As mentioned above, the assumption here is that more educated Black workers are
more productive on average. We find evidence that the wage structure effect (controlling for a rich set
of covariates) exhibits strict first-order stochastic dominance in some (but not all) broad occupation cat-
egories. Interestingly, these tend to occur in occupations where the abstract component of tasks (tasks
requiring analytical flexibility and complex problem-solving) is higher, consistent with recent evidence
from Hurst, Rubinstein, and Shimizu (2024).

We complement our main analysis with NLSY-79 panel data, which allows us to control for pre-market
ability using Armed Forces Qualification Test (AFQT) scores (Neal and Johnson, 1996). We find evi-
dence of strict first-order stochastic dominance when controlling for AFQT scores and current occupa-

tion, but this evidence disappears once we additionally control for past wages and occupations.

In our view, one of our main contributions is that we provide a theoretical lens to interpret the distribu-
tional decompositions of wages. Wage decompositions in labor economics have a rich history, starting
with the seminal work of Kitagawa (1955), Oaxaca (1973) and Blinder (1973) who developed the frame-
work to understand whether differences in outcomes were the result of differing characteristics or dif-
ferential returns to characteristics across groups. The “unexplained portion” of the Kitagawa—Oaxaca—
Blinder (KOB) decomposition has long been a North Star for labor economists aiming to quantify the

amount of discrimination.” This strand of the literature has largely evolved in parallel to the work that

2Farly influential papers that use and build on this approach include Juhn, Murphy, and Pierce (1993) and Altonji and Blank
(1999). The recent work of Bohren, Hull, and Imas (2022) provides more nuance on how to interpret the unexplained portion
and introduces the ideas of “direct” and “systemic” discrimination.



aims to determine the #ype of discrimination.>* Our novel theory combined with empirical advances
made possible by DiNardo, Fortin, and Lemieux (1996) and Chernozhukov, Fernindez-Val, and Melly
(2013) help these literatures speak to each other by providing a way of interpreting the unexplained por-
tion of the wage decomposition through the lens of the two dominant models of discrimination in labor

economics.

To summarize, our main theoretical insight is that differences in mean wages even controlling for rich
covariates (so we can be confident that both groups have equal average productivity or skills) need not be
evidence of discrimination at all. This is because there may be a nonlinear mapping from skills to output
and consequently, even if both groups have the same average skills, it does not imply that the average
output will be the same for both groups. If firms share a fixed fraction of the surplus generated with
workers, then there can be differences in average wages even when average skills are the same. Our main
applied insight is that, rather than comparing mean wages, it is more informative to test whether the wage
distributions (controlling for covariates) are ordered by strict first-order stochastic dominance. We also

demonstrate that it is straightforward to perform this test.

2. THE MODEL

This section presents our model of statistical discrimination that can be thought of as a non-parametric

generalization of the model of Phelps (1972).

There are two groups—1 and 2—of workers; examples include female and male, Black and White, junior
and senior, or disabled and able bodied. In the theoretical results, we do not take a stand on which of

these two groups is advantaged/disadvantaged, if any.

We observe two wage distributions G and Go, with G;(w) € [0, 1] being the fraction of workers in
group i € {1,2} who are paid a wage of w > 0 or less.” We assume that the wage distributions are

bounded, thatis, G;(w) = 1 forsomew > 0,7 = 1, 2.

The question we address is: under what conditions are the observed wage distributions rationalized by (or

consistent with) a general model of statistical discrimination? As we shall see, the answer provides a test

3The classic way to test for taste-based discrimination is to use what are known as “outcome tests” (in the spirit of Becker, 1957,
1993). These tests require the researcher to have access to not just to the decision (whether or not a loan is granted, a driver is
searched by a police officer, etc.) but also the post-decision result (whether or not the loan is repaid, contraband is found on
the driver, etc.). This requires devising empirical strategies to identify the post-decision results of marginal cases or models that
provide a systematic relationship between the average and marginal post-decision result. See, for instance, Knowles, Persico,
and Todd (2001), Anwar and Fang (2006), Arnold, Dobbie, and Yang (2018) and Canay, Mogstad, and Mountjoy (2023).
“Tests for statistical discrimination are typically based on how decision makers update their behavior in response to informa-
tion (a classic example is Altonji and Pierret, 2001). Recently, Bohren, Imas, and Rosenberg (2019) conduct an experiment
in which they can control the precision and dynamics of information. This allows them to differentiate between whether
disparate outcomes are the result of (correct or incorrect) beliefs or preferences of the decision makers.

>Throughout, all distributions are right-continuous and have limits on the left.
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of taste-based discrimination, in that, whenever the wage distributions are 7ot rationalizable, statistical
discrimination a/one cannot explain the data, but taste-based discrimination can. In statistical terms, our
null hypothesis is that the data is consistent with statistical discrimination alone (which includes the case
of no discrimination), and we are interested in rejecting the null hypothesis. The answer to the above
question underpins our statistical test. We interpret a rejection of the null hypothesis as evidence of
taste-based discrimination and we demonstrate the validity of this interpretation. We now present the

aforementioned model in detail, starting with the productivity distributions.

Productivity distributions: Workers differ in their (true) productivities, with §; € © := R, denot-
ing the productivity of a worker in group ¢ € {1, 2}. The (cumulative) distribution of group ¢ workers’
productivity is ;. We hypothesize a set H C A(O) x A(O) of pairs of permissible productivity dis-
tributions (Hy, Hs) with bounded supports and derive the testable implications of our model assuming

that the productivity distributions (H7, Hs) belong to this set .

We impose different assumption on the set ﬁ; each assumption takes the form of restrictions on the
means of group productivities. As an example, in our baseline model below, we assume that H is the set
of all pairs of productivity distributions that have equal means but can otherwise differ. The result we
take to the data assumes that the mean productivity of one group 4 is higher than the other group j. One
could also assume that 7 contains all pairs of distributions, whose means differ by at most d > 0. The

validity of the hypothesized set H must be argued, either empirically or theoretically.

Information: Employers do not directly observe the productivities of workers, but receive informative
signals (from CVs, reference letters, interviews, tests, data-driven software etc.). Employers then form
an expectation of the productivity of workers and pay them accordingly: wages are strictly increasing in
expected productivities. Since wages only depend on expected productivities, it is without loss to assume

that the signal realizations are simply the posterior expected productivities.

More precisely, a signal (S;, m;) for group i € {1,2} consists of a set of signal realizations S; = ©
and a joint distribution 7; over © x S;, whose marginal distribution over © is the (prior) productivity
distribution H;. We denote the marginal distribution of 7; over S; by F;. We assume that the posterior

expected productivity E.. [0; | s;] satisfies
si = Er[0; | s,

for all s; in the support of F;. In words, the signal realization s; is an accurate estimate of the true pro-
ductivity 6;. As mentioned, this is without loss of generality, as we can always relabel signals to guarantee
that they are accurate in the above sense. In what follows, we slightly abuse notation and write 8; for the

posterior expected productivity (the signal realization).



It is well known that F; is a distribution of posterior expected productivities arising from some signal if,
and only if, the prior distribution H; is a mean-preserving spread of the posterior distribution Fj, which

we denote by F; =5 H; (where the notation reflects second-order stochastic dominance).

Since H; and Hy have bounded supports, they are supported on a subset of some interval [0, §]. Formally,
the mean-preserving spread condition requires that
) 0 3 3
/ H;(0;)db; > / F;(6;)db; forall 8 € [0, 6], with equality at§ = 6.
0 0

Note that the requirement of equality at ; = 0 is the same as ensuring that H; and F; have the same

mean.é

We stress that the above formulation subsumes 4// possible signaling technologies. In particular, this
includes the common formulation (as in Phelps, 1972; Aigner and Cain, 1977) of modeling signals as
s; = 0; + €;, where ¢; is a noise term whose distribution can depend on the group 7 and possibly the

productivity 0; as well.

Moreover, it is worth highlighting that we do not take a stand on the source of these signals. In particular,
we can allow for employers to design different screening practices for each group. We simply require
employers to be Bayesian with accurate beliefs (but we discuss the possibility of inaccurate beliefs and

non-Bayesian updating below).

Lastly, it is worth flagging the difference between how statistical discrimination arises in our model versus
the way it is defined in Phelps (1972) and many subsequent papers in the literature. In Phelps, the signals
are defined as s; = 0; + ¢; and statistical discrimination arises if the same signal realization leads to
different wages based on the group identity. We follow the standard information design approach and,
without loss of generality, define unbiased signals. By definition, in our setting, a given signal realization
is simply the posterior expected productivity and is thus interpreted the same way for both groups. We
say that statistical discrimination occurs when both distributions of posterior expected productivities F}
and F5 cannot be derived from a single (biased) statistical experiment that has the same distribution on

S; = © conditional on each 6, € ©.

Wage function: A worker whose posterior expected productivity (as assessed by employers) is 6 is paid
a wage W (0) where the wage function W : R, — Ry is continuous and strictly increasing. Let W
be the set of continuous and strictly increasing functions with both domain and co-domain being R .
As with the set of productivity distributions, we hypothesize a set of wage functions W. Asan example,

employers may pay workers a fixed fraction of their expected productivities, in which case WV is the set of

“Integration by parts implies that the mean satisfies f0§ 0,dF;(0;) = HiFi(Qi)@ — f0§ F;(0,)d6; = 6 — fog F;(6,)do;.
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linear functions.

It is worth making a few comments about the wage functions. First, the wage functions do not de-
pend on the group identity. It is in this sense that our model captures statistical, but not taste-based,
discrimination. Second, the labor economics literature (especially the literature on employer learning)
frequently assumes that wages are equal to expected productivities. In our notation, this amounts to as-
suming W = {Wia} where W;4(0) = 6. This is justified by assuming that labor markets are perfectly
competitive. As will become clear from our results below, a strength of our framework is that we require
no such restrictive assumptions and we can accommodate imperfectly competitive labor markets (via the

reduced form wage function) quite generally.

Induced wage distributions: The distribution F; over posterior expected productivities znduces the wage
distribution G; via the wage function . Formally, for both ¢ € {1,2}, G;(w) is the measure of the set
{6 : W(8) < w} according to Fj, thatis, G;(w) = F;(W ! (w)) for all w in the image of the wage
function W.

Note that, even though the wage function does not depend on group identity, the wage distributions
G and G may differ across groups for the simple reason that the distributions of posterior expected

productivities F} and F5 may differ.

Rationalizability: We say that the observed wage distributions Gy and G5 are rationalizable (given 7/{\,
]7\/\) if there exist (i) productivity distributions (H;, Hy) € H, (i) distributions of posterior expected
productivities F; that satisfy F; =5 H; fori € {1, 2}, and (iii) a wage function W' € 17\/\, such that these

jointly induce the observed wage distributions.

Before moving on, we discuss the key assumptions and modeling choices. Readers who do not need

convincing can jump to Section 3.

2.1. DISCUSSION OF THE MODEL

The three critical features of our model are that: (i) productivity and signal distributions are flexible, (ii)
wages are nonlinear functions of posterior expected productivities and (iii) the researcher has information
about the set of productivity distribution H and the set of wage functions YW. We address each of these

in turn.

Our model is in the spirit of the seminal models of Phelps (1972) and Aigner and Cain (1977). Phelps
considers two populations whose productivities are drawn from a normal distribution. Signals are also
normally distributed, differ across groups, and the wage function is linear in the posterior expected pro-
ductivity. If the means of the productivity distributions for both groups are the same, then the Phelps

model implies that the average wages for both groups are the same. This is because the posterior distri-



butions must have the same means as the priors, and the wage function is linear. In this case, there is no
discrimination at the group level even though the wage distributions differ (so there is individual level
discrimination). Since we allow wages to be nonlinear in the posterior expected productivity, our model
generates differences in average wages even when both groups have the same mean productivity.” Aigner
and Cain too consider normally distributed productivity and signal distributions although, as we discuss

below, they allow wages to be function of both the mean and variance of the posterior distribution.

Like these seminal papers, most of the literature on employer learning assumes that productivity distribu-
tions and signals have Gaussian distributions (see Altonji and Pierret, 2001,* Lange, 2007 and Pinkston,
2009). Instead, we follow the information design perspective. We allow for arbitrary signals and arbitrary
productivity distributions (with only assumptions on the ordering of the means) in our main results.
There are other recent papers that also follow this approach.” Chambers and Echenique (2021) study
a model in which workers have skills, firms learn about these skills via signals, optimally match workers
to tasks and pay the worker the value they generate. They characterize the set of “non-discriminatory”
signals: given a productivity distribution, all signals from this set lead to the same average wages for all
possible firm technologies (the output of each work type at each task). In other words, they are interested

in understanding conditions under which there is no statistical discrimination.

Escudé, Onuchic, Sinander, and Valenzuela-Stookey (2025) also study the model of Chambers and Echenique
but allow employers to assign a prior distribution to workers’ productivities that differs from the true
distribution. They derive an informational version of the KOB decomposition. They show that the dif-
ferences in average wages when employers receive more versus less Blackwell informative signals can be
decomposed into two terms. The first is a non-negative “instrumental” component: a more informative
signal allows employers to more efficiently assign tasks to workers and this improves average wages be-
cause workers are paid the surplus they generate. The second is a “perception-correcting” component:
more informative signals reduce the importance of the incorrect prior. They provide conditions under
which this second term can be signed; this in turn allows them to characterize when more informative
signals lead to higher average wages. While both the model and questions in these two papers differ from

ours, they share the common goal of understanding the differences in wage distributions that can arise

7 As written, our model technically does not nest Phelps’ since we assume that wages are positive and wage distributions have
bounded supports. That said, we could have written have our model in a way that nests Phelps’ because our main results
Theorems 1 and 2 also hold if the wage distributions have unbounded supports. We deliberately assumed bounded, positive
wages for realism.

8 Altonji and Pierret (2001) do not explicitly assume normality but assume the conditional expectation of the determinants of
productivity that are unobserved by the firm are a linear function of the variables observed by the firm. This is implied by a
joint normal distribution but is slightly more general.

?Martin and Marx (2022) and Marx (2022) devise nonparametric tests of discrimination in binary settings where the researcher
observes both the decision (whether or not a loan is granted, a driver is searched by a police officer, etc.) and the post-decision
result (whether or not the loan is repaid, contraband is found on the driver, etc.). While their tests have stronger data require-
ments, they share the feature that they do not impose function form assumptions on the prior or signal distributions.



from different signals.

In both the above mentioned papers, wages are determined by optimal task allocation and so depend
on the entire posterior distribution and not just the first moment as we assume. The model of Aigner
and Cain (1977) also allows for wages to depend on more than just the posterior mean. They generalize
the Phelps setting and observe it is possible to generate discrimination at the group level (even when the
productivity distributions for both groups are identical) via wages that depend on both the mean and the

variance of the posterior belief.

Unlike these papers, we assume wages depend only on posterior means but we allow wages to be nonlin-
ear. This can arise for several reasons. Consider the special case of the model of Chambers and Echenique
(2021) where there are a finite set of tasks A and type 6 produces output 1, + (.0 on task a € A where
Na> Ca > 0.'° Employers assign workers with posterior expected productivity 0 to the task argmax cainat
(0} that generates the highest expected surplus. In this case, the optimal task assignment only depends

on the posterior mean and awarding the worker the entire surplus generates the convex wage function

W(0) = maxeea{n. + C.0}.

Alternatively, nonlinear wages can arise if firms have market power and keep a share of surplus that the
workers generate. Here, wages will be lower than the productivities of workers. Moreover, the relation-
ship between productivities and wages will be nonlinear in general as it will depend on the labor supply

(for a basic model, see Section 3.1 in Manning, 2011).

It is important to stress that we can, in principle, allow wages to depends on higher moments of the
posterior productivity distribution. But given the amount of generality in our model, doing so typically
makes the testable implications vacuous. Specifically, as we discuss in Section 5, if wages were an affine
function of just the first two moments (the mean and the variance) a la Aigner and Cain, then every pair
of wage distributions can be rationalized even when mean productivities of both groups are assumed to

be equal.

Thus, our choice to model wages as a nonlinear function of the posterior expected productivity is not
made for simplicity or tractability. Instead, our goal is to allow for the maximal generality of assumptions

such that the model still has meaningful testable implications that can be taken to the data.

One further comment is worth making before we end the section. We do not model the underlying
reason that productivities differ across groups. In this sense, we difter from papers like Coate and Loury

(1993) whose primary purpose is to explain how stereotypes (that assign a lower mean productivity to

""Hurst, Rubinstein, and Shimizu (2024) develop a Roy style model where wages are a linear function of worker’s abilities
on various tasks. They do not model task assignment by firms; instead occupations are bundles of tasks and workers sort into
occupations in a way that maximizes their utility.



the disadvantaged group) can be self-fulfilling. Note that we can accommodate self-fulfilling stereotypes
against group 1 in our model by hypothesizing the set H = {(Hy, Hy) | Eg, [01] < Ep,[62]}.

Our main theoretical aim is to fully characterize the set of rationalizable pairs of wage distributions un-
der different assumptions on 7 and W. This separates our analysis from most theoretical papers on
discrimination that aim to derive the main implications of their models, but do not provide a complete
characterization of the testable implications. In this sense, our analysis is closer to the theoretical literature

on decision theory and revealed preference.

3. CHARACTERIZING RATIONALIZABLE WAGE DISTRIBUTIONS

In this section, we derive the main theoretical results. We begin with a baseline result that characterizes
rationalizable wage distributions assuming both groups have equal mean productivities and establish its
economic implications. We then generalize to a setting where we make the weaker assumption that one
group has weakly higher mean productivity than the other: this “ordered means” result is the basis of our

empirical test.

3.1. BASELINE RESULT: EQUAL MEAN PRODUCTIVITIES

As we have emphasized earlier, we allow for arbitrary priors, signals and nonlinear wage functions. No
restrictions such as Gaussian distributions or linear wage functions are imposed. In this subsection, we
isolate the implications of these modeling features by assuming that both groups have equal mean pro-
ductivities but, apart from this, we impose no further restrictions. In other words, we characterize how
the wage distributions can differ due to a combination of statistical discrimination and nonlinear wages

for two groups that are identical on average. We weaken this assumption in subsequent sections.

We define
Heg = {(Hy1, Hy) | Eg, [01] = Ep, (0]}

to be the set of productivity distribution pairs that have equal means. Note that, barring the equal means
requirement, the productivity distributions can differ arbitrarily."! Formally, we characterize the set of
rationalizable wage distributions given that the productivity distributions lie in the set H = H,, but the

wage function is unrestricted (that is, we take W = W).

Despite the equal means assumption, the baseline model is still very general as the signals and the wage
function are unrestricted. Given this generality, the first natural question to ask is: is there any pair of
wage distributions that is zo# rationalizable (given H.4, YW)? To this point, note that our model allows the

posterior expected productivity distribution of group 1 to be a strict mean-preserving spread of group 2,

HDjstributions can be discrete, continuous or a mixture of the two.
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in which case a strictly convex wage function TV will generate higher mean wages for group 1.'* Such dif-
ferences in the posterior expected productivity distributions can arise either via statistical discrimination
or because the true productivity distribution of one group is a mean-preserving spread of the other."* In
other words, differences in mean wages (a wage gap) can arise in our model even without any statistical
discrimination at all despite both groups having equal mean productivities. So, to find inconsistent dis-
tributions, we need to consider higher moments of the wage distribution. In fact, as we now argue, we

need to consider 4// moments via the following order.

The wage distribution G strictly first-order stochastically dominates the wage distribution G ;, which we
denote G; > G, if Gi(w) < G;(w) forallw € R, with the inequality strict for some w.

Now, suppose that the wage distribution of group ¢ strictly first-order stochastically dominates that of
group j. We argue that these distributions are 7oz rationalizable. By contradiction, assume that these dis-
tributions are rationalizable (given H.4, V). This implies that there exist posterior expected productivity

distributions F; and F7, and a wage function W, such that
F;(0) = G,(W(0)) < G;(W(0)) = F;(9) forall# € O,

with the inequality strict for some 0, that is, F; >, F}. It follows that F; has a strictly higher mean
than F};, which is a contradiction since F; and F); are mean-preserving contractions of some productivity

distributions (H;, H;) € H.,, which have the same mean.

The above argument shows that a necessary condition for a pair of wage distributions to be rationalizable
(given Hq, VV) is that neither strictly first-order stochastically dominates the other. Our first result shows

that this condition is also sufficient.

THEOREM 1. Wage distributions G and G5 are rationalizable (given Hq, VW) with equal mean produc-
tivities if, and only if, neither G| nor Gy strictly first-order stochastically dominates the other.

The remainder of this subsection discusses Theorem 1. We first observe that our model has redundant
generality in that certain assumptions can be strengthened without changing the testable implications of

the model. We argue that this redundancy has economic implications.

Suppose the wage distributions G and (i are rationalized by productivity distributions (Hy, H;) with
equal means, distributions (£, F) of posterior expected productivities and the wage function . Be-

cause the wage distributions have bounded support, the distributions (F}, F3) are supported on a subset

2The mean-preserving spread is strict when F5 =9 Fy and Fy # Fi.
B3The productivity distributions H; and Hy are primitives of our model and our terminology does not reflect any past dis-
crimination (statistical and/or taste-based) that may be the cause for different productivity distributions Hy # Ho.
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of the bounded interval [0, f] where # = W~ (). Let H be the distribution supported on two points
{0, 6} that has the same mean E5[0] = Ep, [02] = Ep,[02] = Er, [02] = Eg,[0] as the productivity
distributions H; and Hs. Such a distribution H must exist because F’ 1 and F; are supported on a subset
of [0, 8]. Now, observe that I} and F; are both mean-preserving contractions of H. This is because H is
the distribution that is the “most spread” (in that all the mass is at both end points of the interval 0 and )
amongst all distributions with mean Ep, [61] = Eg,[0] that are supported on a subset of [0, §]. Conse-
quently, the wage distributions G; and G are also rationalized by the identical productivity distribution
H for both groups along with distributions (F7, F5) of posterior expected productivities and the wage

function W. Thus, the testable implications of our model are the same whether we assume equal mean

productivities or identical productivity distributions.

THEOREM 1 (CONTINUED). The following statements are equivalent.
(1) Wage distributions G\ and Gy are rationalizable (given Hcq , VW) with equal mean productivities.
(1) Neither G nor Gy strictly first-order stochastically dominates the other.

(111) Wage distributions G and Gy are rationalizable (given H,q , VW) with identical productivity dis-

tributions.

The equivalence of (i) and (iii) may be unsurprising especially for those familiar with the literature on
information design. But while theoretically straightforward, we feel this equivalence has important eco-
nomic implications. It has been argued that, for the distributions of certain traits, men and women have
the same mean, but the former have a higher variance. This is sometimes referred to as the “variability
hypothesis” and is used to explain differential outcomes. The third statement of Theorem 1 implies that
any two wage distributions that are not ordered by strict first-order stochastic dominance, no matter how
different, could have resulted from statistical discrimination on zdentical populations. In other words,
allowing for different variances of the productivity distributions does not lead to more permissive testable

implications. That s, in our setting, the variability hypothesis has no added explanatory power!

The redundant generality in our model can be rephrased in an additional way. Once again, suppose
the wage distributions G; and G5 are rationalized by productivity distributions (H;, Hy) with equal
means, distributions (F3, F3) of posterior expected productivities and the wage function W. Con-
sider the productivity distributions H 1 = I} and F[Q = F5. Clearly, these productivity distributions
Eg [0h] = Eg,[02] = Er[02] = Eg,[0:] have equal means. Consequently, the wage distributions
G and G5, are also rationalized with these productivity distributions along with distributions (£, F3)
of posterior expected productivities and the wage function W. The important economic implication is

that we cannot distinguish a model where employers have the prior beliefs (ﬁ L H. 9) = (F1, Fy) and per-
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fectly observe the productivity of workers from a model where employers have the prior beliefs (H;, Hy)

and form the posterior distributions of expected productivities (£, F5) via informative signals.

We say that two wage distributions Gy and G5 are rationalizable without discrimination (given 7/—[\, )7\/\) if
there exist (i) productivity distributions (Hy, Hy) € 7:[\, (ii) perfectly informative signals (F = Hy, Iy =
Hy) and (iii) a wage function W & W, such that these jointly induce the observed wage distributions.'*

The above argument implies the following additional equivalence.

THEOREM 1 (CONTINUED). The following statements are equivalent.
(1) Wage distributions G\ and G5 are rationalizable (given Heq, VW) with equal mean productivities.
(1) Neither G nor Gy strictly first-order stochastically dominates the other.

(ii7) Wage distributions G and Gy are rationalizable (given H;q , VW) with identical productivity dis-

tributions.
(iv) Wage distributions G and Gy are rationalizable without discrimination (given Heq, VW),

Statement (iv) says that, when condition (ii) holds, we cannot conclude that discrimination in either signal
informativeness or wage payments is present. In other words, when wage distributions are not ordered by
strict first-order stochastic dominance, it is possible that the wage differences arise simply from heteroge-
neous populations (with identical mean productivities) whose wages are determined in a group-neutral
way by employers who perfectly observe productivities. Thus Theorem 1 implies that, when condition
(ii) is rejected in the data, we can not only conclude that discrimination is present, we can also conclude
that discrimination cannot be statistical alone! It is important to note that this claim only applies to the
wages. We naturally cannot exclude the possibility that the heterogeneous productivity distributions are

themselves the product of past statistical or taste-based discrimination.

It is worth noting that a version of this issue is particularly acute with binary outcomes, as arise in corre-
spondence studies. With binary outcomes, such as whether or not a candidate was called back for an in-
terview, any two callback rates can be rationalized by two productivity distributions with the same mean,
employers observing true productivities and a common group-independent cutoft rule (a similar obser-
vation has been made by Heckman, 1998 and Neumark, 2012).5 Settings with non-binary outcomes like
wages are therefore better suited to testing for both the presence and the type of discrimination, as Theo-

rem 1 shows that a strict first-order stochastic dominance ordering is informative in a way that different

14Given how we define statistical discrimination in our framework, we could have assumed that employers do not perfectly
observe productivities, but instead learn about them via a single group-independent (biased) statistical experiment (that has
the same distribution on S; = © conditional on each §; € ©). The statement of our result applies verbatim with this
definition of “rationalizability without discrimination.” Statement (iv) of the theorem is stronger when we assume F; = H;.
15 A formal statement is in an older version (Deb and Renou, 2022) of this paper.
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callback rates are not.

3.2. ORDERED MEAN PRODUCTIVITIES

While assuming equal mean productivities is a natural starting point for a theoretical study on discrimina-
tion, it is a restrictive assumption if one wants to take the theory to the data, as we do. In this subsection,
we weaken this assumption and show that Theorem 1 extends immediately to an environment where we
assume mean productivities to be ordered. We first present the result formally and then discuss why this

generalization is helpful for empirical applications.

We define
Hyeq = {(H1, H) | Ep, [0h] > Ep,[0o]}

to be the set of productivity distribution pairs in which the mean productivity of group 1is weakly greater
than that of group 2 (of course, the order of mean productivities between groups 1 and 2 can be reversed).
Since Hgeq D Hegs thisis a weaker assumption than the one imposed in Theorem 1. The following result

follows immediately.

THEOREM 2. The following statements are equivalent.

(1) Wage distributions G and Gy are rationalizable (given Hgeq , VW) with group 1 having a weakly

greater mean productivity than group 2.
(i7) Gy does not strictly first-order stochastically dominate G.
(iii) Wage distributions G| and Gy are rationalizable without discrimination (given Hyeq , VW).

The discussion in the next two paragraphs serves as a proof of the equivalence of statements (i) and (ii).
The equivalence of statement (iii) follows from the identical argument that showed the equivalence of
the analogous statement (iv) of Theorem 1. Naturally, since productivity distributions can have unequal

means, there is no natural analogue of statement (iii) of Theorem 1.

We first argue that statement (i) implies statement (ii) by making the contrapositive argument. Sup-
pose G =1 (. If the distributions are rationalizable, then the argument preceding (the first state-
ment of) Theorem 1 implies that, for any W € W, the resulting distributions F;(6;) = G1(W (1)),
F5(6) = G2(W (63)) of posterior expected productivities satisfy Ep, [6h] < Eg, [0,]. This is a contra-
diction since every pair (H;, Hs) thatsatisfies F; = H; hasmean Ep, [0;] = Ep,[0;] fori € {1,2},and
so (Hi, Ha) ¢ Hgeq-

We now argue that statement (ii) implies statement (i). If G; and G5 are not ordered by strict first-order

stochastic dominance, then Theorem 1 shows that these wage distributions are rationalizable given H.4
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, W and so also rationalizable given H 4¢, , WW. Lastly, it G1 =1 G2, then we can rationalize the data with
the (perfectly competitive) wage function W (6) = 0 and (F, F2) = (Hy, Hy) = (G1, Ga).

In the next section, we derive and implement an empirical test for discrimination based on Theorem 2.
For this test to be informative, the ordered mean productivity assumption H 4, must be plausible in
our empirical application. For this reason, Theorem 2 is a better candidate than Theorem 1 to take to
the data because it is hard to argue that mean productivities are exactly equal, even with fine controls.
Conversely, as mentioned earlier, there are reasons to believe that, due to discrimination (for instance in
acquiring education), the disadvantaged group might be positively selected given a level of education or
experience. It is also possible to stack the deck in favor of the disadvantaged group (making it more likely
that they have higher mean productivity) by, for instance, comparing more-educated workers from the
disadvantaged group with less-educated workers from the advantage group (while, of course, controlling
for everything else). The ordered means assumption would only be violated under the unlikely situation

that the advantaged group has higher average productivity despite having lower education.

As mentioned earlier, the null hypothesis of our empirical application is that wage distributions are ratio-
nalizable (given H g4, V) and we interpret rejections of the null as evidence of taste-based discrimination.
Naturally, if wage distributions are not rationalizable, it means that the combination of assumptions of
the model are rejected by the data. One assumption of the model is that the wage function is group inde-
pendent. If wages are group dependent—that is, wages for group 1, 2 are determined by potentially dif-
ferent functions W5, Wy—then every pair of wage distributions is rationalizable with group-dependent
wage functions (irrespective of which group is assumed to have higher mean productivity). Group depen-
dent wages can be thought of as taste-based discrimination (following Becker, 1957) because two workers
with identical expected productivities in the eyes of the employer are paid differently. This simple obser-
vation allows us to interpret Gy =1 (1 as evidence of taste-based discrimination.'® This interpretation
would not always be correct if there existed pairs of wage distributions that were not rationalizable by

group-dependent wage functions.

Another assumption of the model is that employers are Bayesian with accurate beliefs. Bayesian updating
is not needed for our results. Any updating rule, which satisfies the property that the expectation of
posterior expected productivities is the same as the prior mean productivity, induces the same testable
implications. A prominent example of such a behavioral updating is “conservative Bayesianism”(first
introduced by Phillips and Edwards, 1966 and Edwards, 1968) where a decision maker’s updated belief

1GForma\lly, we say that wage distributions G'; and G are rationalizable by taste-based discrimination (given ﬁ, W) if there
exist productivity distributions (H1, Ha) € H and wage functions W1, Wy € W such that for each group ¢ € {1, 2}, the
wage distribution G; is induced by the wage function W; and the distribution F; = H; over posterior expected productivities.
It trivially follows that every pair of wage distributions G; and G5 are rationalizable by taste-based discrimination (given either

Hyeqs W ot Heg, W).
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is a convex combination of the prior and the true Bayesian posterior. In addition, Theorem 2 allows
for some belief inaccuracy. Indeed, rationalizing the observed wages does not involve finding the true
beliefs of employers, it merely requires that there is oze instance of the model that is consistent with
the observed wages. Thus, a rejection of condition (ii) of Theorem 2 implies that we are rejecting the
possibility of any prior belief (and signal) that assigns higher mean productivity to the disadvantaged
group. Thus, employers can have inaccurate beliefs as long as the mean productivities remain correctly
ordered. Of course, it is possible that beliefs are so inaccurate that they assign lower mean productivity
to the disadvantaged group (despite them having more education); condition (ii) may be rejected for
this reason. Ultimately, as in common in the literature (see Bohren, Haggag, Imas, and Pope, 2025),
we cannot distinguish using basic wage data whether wage differences are the result of group-dependent

wage functions or very inaccurate beliefs.

It is also possible that employers deliberately use different methods to screen candidates of both groups.
For instance, they may interview candidates of one group in person and the other online leading to dif-
ferentially informative signals. Since we do not model the source of the signals, we label such deliberate
differential treatment as statistical discrimination. In other words, even if the wage distributions are ratio-
nalizable, it is nonetheless possible that candidates from both groups are treated differently by employers.
When wage distributions are not rationalizable, we are detecting taste-based discrimination (in the above

sense), over and above potential discrimination in the signal choice.

4. EMPIRICAL APPLICATION

In this section, we describe how Theorem 2 yields a simple empirical test to find evidence of taste-based
discrimination on commonly available cross-sectional data. We first describe the methodology and then

apply our test to Census and NLSY-79 data.

Itis worth presenting a high level motivation for our approach before we provide specific details. There is
a tradition in labor economics of using the Kitagawa-Oaxaca-Blinder decomposition to determine both
the presence of discrimination and to measure its magnitude. As Guryan and Charles (2013) explain, this
method “separates differences in average wages, for example, into the part that is explained by differences
in characteristics (e.g., education), the part that is explained by differences in returns to those charac-
teristics (e.g., returns to education) and unexplained differences. Many in this literature have called the
unexplained differences, or both the unexplained and the differences in returns, the result of discrimina-

tion.”

We follow this tradition with one notable difference: we decompose the differences in wages at a// quan-

tiles of the distributions."” Indeed, a key insight of our theory is that we need to compare the entire wage

Tt is well known that the distribution G first-order stochastically dominates the distribution G if, and only if, all quantiles
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distributions, and not only the average wages, if we want to test whether statistical discrimination alone
can rationalize the data. Ideally, we would like to decompose the wage distributions into the part that is
explained by differences in (prior) mean productivities and the part that is not, so that we can apply our
strict first-order stochastic dominance test to the latter part. Unfortunately, we do not observe individ-
ual productivities. We instead observe individual characteristics which are commonly used as proxies for

productivities. We decompose the wage distributions with respect to these characteristics.

In standard decompositions, researchers have to be careful to make sure that they do not control for too
little (omitted variables) or too much. Guryan and Charles (2013) explain why the latter is an issue: “the
variables the researcher controls for might themselves be affected by discrimination. Controlling for such
variables can cause the unexplained differences to understate the role that discrimination in general plays
in determining wage gaps.” By contrast, controlling for too much is less of an issue for our test. To start
with, we are only interested in detecting taste-based discrimination, and not in measuring its magnitude.
In addition, even if the variables we control for have been affected by discrimination, we can use this to
our advantage. For instance, if we think there is discrimination in education, this implies that, on average,
Black workers (having to overcome more barriers) will be of higher ability compared to similarly educated
White workers. Any such positive selection makes the assumption of Theorem 2 more likely to be true.
In fact, we go one step further. We compare Black workers with more schooling to lesser educated White
workers. If the wages of White workers still strictly first-order stochastically dominate those of Black
workers, then a conclusion that taste-based discrimination is present would be invalid only if we believe

that White workers with less schooling are more productive on average.18

4.1. THE METHODOLOGY

We compare the wage distributions for Black (group 1) and White (group 2) workers within a given occu-
pation. The assumption here is that wages in a given occupation are governed by a single wage function
and the different characteristics of workers affect their expected productivity (and hence their wage). Our
goal is to test Theorem 2: that is, under the assumption that Black workers are more productive on aver-
age, we want to test whether the wage distribution G5 of White workers strictly first-order stochastically
dominates the wage distribution G of Black workers. Recall that, if Gy 1 G, then the wage distribu-
tions cannot be the result of statistical discrimination alone. Thus, our null hypothesis is that statistical
discrimination alone rationalizes the data, and we are interested in rejecting the null. We interpret the

rejection of the null as evidence of taste-based discrimination.

There are two difficulties to overcome. The first is that we do not observe the true wage distributions

of G5 are higher than the respective quantiles of Gy.
¥One possible reason for less educated White workers to be more productive on average is that the quality of schooling (due
to lack of access or discrimination) may be far worse for Black workers.
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G and Go; we observe empirical samples, instead. The second is to ensure we can apply Theorem 2,
which requires Black workers to be more productive on average. Indeed, since we do not observe the
true productivity distributions of the workers, we cannot directly control for that assumption and we,

instead, need to find an indirect way.

The first difficulty is easily dealt with. We can test whether G >; G by Kolmogorov-Smirnov-type
tests. The predominant approach in the literature (see McFadden, 1989 and Barrett and Donald, 2003)
is to separately run two hypothesis tests of the nulls Gy =1 G and G =1 G against their respective
negations. A conclusion of G5 = G is made if the null G; =1 Gy is rejected but the null Gy =1 G
is not. We follow this approach. An alternative would be to posit the null hypothesis that G does not
strictly first-order stochastically dominate Gy, so that a rejection of the null would imply that Gy > G
(see Davidson and Duclos, 2000, 2013). One reason this approach is less popular is because it is impos-
sible to reject non-dominance over the entire support of the distributions. Consequently, it is necessary
to put a restriction on the range over which the null of non-dominance is tested. The excellent textbook

by Whang (2019) provides detailed discussion of these issues.

The second difficulty is more challenging. To overcome this, we assume that #nobserved individual pro-
ductivities are correlated with the individual characteristics we observe. Now, since the distributions of
individual characteristics in any occupation vary between Black and White workers, we employ a version
of the KOB decomposition to adjust for the differences in characteristics and then test for first-order
stochastic dominance. More precisely, we first compute the (counterfactual) distribution Gy of wages
for Black workers that we would have observed had they faced the wage setting process of White workers;
that is, had employers perceived them to be White. This counterfactual distribution captures both poten-
tial statistical discrimination (via the different signals for each group) and taste-based discrimination. We
then test the null hypothesis of G 1 1 Gi: if the null is rejected, statistical discrimination alone cannot

explain the difference between the observed wage distribution G and the counterfactual distribution

G;.

Formally, let X be a vector of observable individual characteristics. If we are implementing our test on
workers in a given occupation, then X includes variables that influence wages such as years of schooling,
age and place of residence. If our test is being conducted on workers in a broad occupation category,
then X additionally includes detailed occupation dummies. Let G;(-|X) be the observed distribution
of wages conditional on characteristics X and F}’ the joint probability over expected productivity (in

the eyes of the employer) and individual characteristics. The notation overloads are deliberately made to
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obviate the introduction of new notation. We perform the following decomposition:

G1(w) — Ga(w) = /Gl(w|X)de(X) —/Gg(w|X)dF5’(X),
— [/ Gy (w]|X)dF2(X) —/GZ(le)de(X>]
+ [/Gz(wIXMFf(X) —/Gz(le)dFS(X)}v

— [Gl(w) — @1(@0)] + [él(w) - G2(w)} d

where G (w) := [ Go(w|X)dFP(X) and all the other integrals are taken with respect to the marginal
distributions over characteristics. A recent interpretation of this decomposition is provided by Bohren,
Hull, and Imas (2022). They interpret the term on the left G1(w) — G2(w) as total discrimination, the
first term on the right G4 (w) — G1(w) as direct discrimination and the final term G4 (w) — Ga(w) as
systemic discrimination. Total discrimination compounds the differential treatment of Black and White
workers before entering the job market (for instance, due to barriers in educational attainment) with the
differential treatment after entering the job market. We are interested in the direct discrimination term,
that is, the comparison of GG; and @1. The comparison is analogous to a correspondence study since
we compare the wages of Black workers with the wages they would have obtained had they been treated
as White workers (but retaining their individual characteristics). Conceptually, it is similar to exposing

employers to resumes which differ only in names.

To compute the counterfactual distribution G 1, we follow the method of Chernozhukov, Fernindez-
Val, and Melly (2013). In a nutshell, this consists of estimating the marginal F? (X)) over individual
characteristics from the empirical distribution and the conditional G;(+|.X) from either distribution or
quantile regressions. We then test whether G 1 =1 G1, which theapproach of Chernozhukov, Fernindez-
Val, and Melly (2013) permits. Importantly, their method allows us to make statistical inference on the

entire distributions, which is needed to test for first-order stochastic dominance.

Now, suppose we conclude that G; =1 G. We can then infer that the wage distributions cannot be

rationalized by statistical discrimination alone if

[Erloxiar ) > [ B

For instance, this hypothesis is satisfied whenever the productivity distribution ¢; is independent of race
i, conditional on characteristics X. It is, however, weaker. The assumption allows for the expected pro-
ductivity Epe[01|X] > Egg 02| X] of Black workers to be higher for some individual characteristics X

and lower for others. Economic theories support both scenarios. On the one hand, barriers to entry into
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the labor market and obtaining education suggest that Black workers are positively selected into the labor
market (which is our belief). While we are not aware of empirical evidence supporting positive selection
of Black workers, Ashraf, Bandiera, Minni, and Quintas-Martinez (2025) document that women are pos-
itively selected into the labor market (and that women are more comparatively productive than men in
countries where female labor force participation is lower). On the other hand, classic theories of statistical
discrimination (such as Coate and Loury, 1993) argue that Black workers may under-invest in produc-
tive skills and consequently make stereotypes self-fulfilling. To deal with this latter hypothesis, we also
compare Black workers with more schooling to White workers with less; here, it is significantly harder

(and, in our view, implausible) to argue that more educated Black workers have lower mean productivity.

We end this subsection with a brief discussion on the choice of the covariates X that should be included in
the computation of the counterfactual distribution G1. We suggest including as many covariates as nec-
essary, subject to data and computational limitations, to make the ordered means assumption as plausible
as possible. One of the data limitations is that there must be sufficiently many observations in each cell

when including fixed eftects. This is required so that bootstrapping yields accurate standard errors.

It is worth stressing that it is not essential that the employers observe all the control variables X when
setting wages. Employers may not observe certain covariates, but may observe other informative signals
(unobserved by the analyst) that are correlated with the unobserved variables in X. In other words, since
the signals employers observe may be arbitrarily correlated with the individual characteristics the analyst
observes, it makes no differences to the empirical analysis whether we assume that employers observe the
individual covariates X we use or not. A similar observation appears in Altonji and Pierret (2001) who
employ NLSY-79 data and use AFQT scores, among other controls, to proxy the information employers
obtain over time. We explicitly make this remark because our second empirical application uses NLSY-79
data and we include AFQT scores and past wages—variables that may not be observed by employers—as

controls.

4.2. EVIDENCE OF TASTE-BASED DISCRIMINATION

We apply our test on two datasets. We conduct our main analysis with Census data. While these data
have limitations, this serves as a proof of concept of how our test can be applied on commonly used and
publicly available large datasets. Because it has been widely used on studies of discrimination, we also
implement our test on NLSY-79 data and exploit the fact that it contains a measure of worker ability

(AFQT scores).

We begin by describing the sample construction. In each dataset, we focus on the wages of prime-aged

men to avoid the typical selection issues associated with female labor force participation.19

19Examining wage distributions by race is also subject to selection as the share of prime-aged men employed as wage workers is
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4.2.1. The data

Census: We use the American Community Survey (ACS) for the years 2007-2021 that contains all
households and persons from the 1% sample. We pool the 2011, 2016, and 2021 waves. We restrict the
data to men aged 30-55 years (to capture their prime labor market years) and to those who are employed,
working full time (50-52 weeks), and working for a wage. Our main income measure is the log of the

annual “Wage and Salary Income” (the incwage variable).

Race is measured from the self reported race category in the census; we restrict attention to non-Hispanic
Black and White men. We also use data on age, census year, census region and highest grade attained; the
latter is used to create samples with ordered means. Specifically, we consider the sample of White workers
with a high school degree and Black workers who have attended some college or possess an associate’s
degree. The more educated Black workers are assumed to have higher mean productivity. Itis, of course,
possible to consider other types of samples with ordered means such as White and Black workers without
and with high school diplomas or possessing bachelor’s and master’s degrees respectively. Our choice of
comparing White workers with a high school degree to Black workers with some college or an associate’s
degree balances two considerations: these education levels provide sufficient observations in both groups
to reliably estimate the quantile decomposition, and at this margin, additional schooling is a relatively
unambiguous signal of higher productivity. Comparing workers with bachelor’s and master’s degrees
would introduce unobserved heterogeneity in the quality of higher education that we cannot control for

in the Census.

Our goal is to determine the occupations in which our test finds evidence of taste-based discrimination.
To do so, we first conduct our analysis at the occupation category level while controlling for the detailed
occupation codes (in addition to demographic variables). This provides a succinct comparison across
broad occupation categories which in turn allows us to demonstrate that our test generates intuitive re-
sults. We consider nine broad occupational groups based on the 2010 Standard Occupational Classifica-
tion (SOC). ?° The 9 groups are: (1) Management, Business, and Financial, (2) Professional, (3) Service,
(4) Sales and related, (5) Office and administrative support, (6) Construction and extraction, (7) Instal-
lation, maintenance, and repair, (8) Production and (9) Transportation, and material. We do not analyze

two categories: Farming, Fishing and Forestry and Armed Forces Occupations. We exclude the former

substantially lower for Black compared to White men in general: among all men aged 3055, these shares are 73.5% for White
workers and 63.3% for Black workers. Since our test requires mean productivities to be ordered, the interpretation of our test
results would only be invalid if selection into the wage-worker sample is such that the more educated Black workers who appear
in our data are, on average, less productive than their less educated White counterparts. This is contrary to the more reasonable
assumption that the least productive Black men are less likely to be employed as wage workers, which is selection that works in
favor of our ordered means requirement. Importantly, this general gap does not carry over to our specific comparison groups:
among ages 30-55 high school educated White workers and Black workers with some college, the shares employed as wage
workers are 68.7% and 70.8% respectively. This indicates that differential selection is perhaps not a first-order concern for the
ordered means assumption in the samples we study.

20This is based on the Census occupation classification available here.
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because there are too few Black workers in this occupation category (to allow us to control for detailed

occupation codes) and the latter because these are public sector jobs with a defined wage schedule.

Due to limitations on the number of observations of Black workers, we aggregate the data along a few sep-
arate dimensions. The ACS reports respondents’ location using the nine Census division classification.
We collapse the nine Census divisions into four broad Census regions following the standard Office of
Management and Budget classification: the Northeast (New England and Middle Atlantic divisions), the
Midwest (East North Central and West North Central divisions), the Soxth (South Atlantic, East South
Central, and West South Central divisions), and the West (Mountain and Pacific divisions). The labor
economics literature has shown that Black-White wage gaps follow a broad regional structure rather than

finer divisional distinctions.

The ACS occupation variable 0cc2010 classifies workers into approximately 470 detailed occupational
categories on the 2010 Standard Occupational Classification (SOC). When conducting analysis at the
broad occupation category level, we cannot include all detailed occupation dummies as controls because
there are insufficiently many Black workers in each detailed occupation-region-year cell to identify quan-
tile regression coefficients throughout the distribution. To deal with this, a detailed occupation receives
its own indicator if and only if it satisfies two criteria simultaneously: (i) it contains at least 300 observa-
tions of Black workers in total across all years and regions, and (ii) its smallest regional cell — the number
of observations of Black workers in the least-populated of the four Census regions for that occupation —
contains at least 25 observations. Occupations that fail either criterion are collapsed into a single residual
category for their broad group (“Sales — Other,” “Production — Other” etc.). These criteria ensure that
we are simultaneously allowing for detailed occupation controls while ensuring that bootstrap standard

errors are accurately computed.

To understand the properties of occupation categories that generate evidence of taste-based discrimina-
tion, we calculate their task compositions using the characterization of Hurst, Rubinstein, and Shimizu
(2024) (see also Autor and Dorn, 2013). This determines the degree to which each detailed occupation in-
volves “Abstract,” “Routine,” “Manual” and “Contact” tasks; we average these to determine the average
task composition at the occupation category level. Abstract tasks encompass roles requiring analytical
flexibility, creative problem-solving, and complex interpersonal communication, such as management
and persuasion. Occupations with high measures of Abstract tasks includes high-skill professionals like
accountants, engineers, educators, and medical practitioners. Routine tasks are defined by the need for
precise adherence to established standards and the performance of repetitive manual or cognitive labor.
Occupations with high measures of routine tasks include a wide range of roles from secretaries and bank
tellers to pilots and manufacturing specialists. Manual tasks require eye, hand, and foot coordination.

Occupations with high measures of Manual tasks include athletes, police, drivers and skilled construc-
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tion. Lastly, contact tasks require the worker to interact and communicate with others. Occupations
with high measures of Contact tasks include health care workers, service staff, lawyers, teachers, and man-
agers. Tasks are measured in z-scores: for example, if a given occupation has an Abstract task measure of
2.0, this means that its Abstract task requirement is two standard deviations higher than the average oc-

cupation.

Finally, running the decomposition at the broad occupation category level pools across detailed occu-
pations. Even with detailed occupation dummies as controls, this imposes that the returns to worker
characteristics are common across occupations within a category, which may not hold if different occu-
pations have distinct wage-setting processes.21 This is not a conceptual limitation of our test because, in
principle, we could run it separately for each detailed occupation code in the ACS. However, the sam-
ple size of Black workers prevents us from doing so for most occupations. Consequently, we also report
test results from the top four detailed occupations (as measured by the number of Black workers in the

sample) within each broad occupation category.

NLSY-79: As a complementary analysis, we also implement our test on the NLSY79. An advantage
of these data is that they allow us to condition on pre-market ability as measured by AFQT scores; the
seminal work of Neal and Johnson (1996) established the importance of this measure in determining
racial wage gaps. Controlling for AFQT scores (along with other covariates) allows us to test for the

presence of taste-based discrimination under the equal means assumption (Theorem 1).

We restrict the NLSY79 sample to non-Hispanic Black and White men who worked 50-52 weeks in
the year 2000 and report positive wages in 2000. The outcome variable is log annual wages in 2000
(Logwage2000).

Once again, due to limitations on the number of observations of Black workers, we have to aggregate the
datain afew different ways. The NLSY79 records educational attainment as years of completed schooling
which ranges from 0 to 20. The returns to education are nonlinear (a completed high school or college
degree is disproportionately more valuable than dropping out one year earlier) but we do not have enough
observations to include fixed effects for years of schooling. Consequently, we create four groups to match
the census educ variable used in the ordered means restriction: less than high school (< 11 years), high
school diploma (12 years), some college or associate’s degree (13-15 years), and college or above (> 16
years). Because we can control for ability via AFQT scores, we can compare Black and White workers

with similar education (as opposed to what we do with the Census data).

The NLSY79 occupation variables are coded on the 1980 CPS occupation classification. We collapse

occupations into two categories: white collar (covering Management, Professional, Technical, Sales, and

21Section 5.3 discusses how aggregation can potentially lead to both Type-I and Type-II error.
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Office/Administrative) and blue collar (covering Service, Farming, Construction, Repair, Production,
Laborers, and Transport). This binary classification, while not ideal, is the most occupational hetero-

geneity we can allow at NLSY79 sample sizes.

4.2.2. Results

Evidence of taste-based discrimination at the occupation category level: We begin by
presenting our results from tests conducted at the occupation category level using the ACS data. To
summarize, we find that, across several broad occupation categories (summarized in Table 1), the wage
distribution of Black workers is strictly first-order stochastically dominated by the counterfactual distri-
bution of wages they would receive were they to be treated as White despite Black workers having higher
educational attainment by construction.”* We interpret this as suggestive evidence of taste-based discrim-

ination via the lens of Theorem 2.

Before turning to the results from the quantile decomposition, we first present some descriptive and easy
to visualize evidence. A strength of our test is that such visual evidence is straightforward for researchers
and policy makers to generate. They can simply plot the wage distributions within well defined cells (data
for a fixed vector of covariates). Aslongas we are convinced that the assumption of equal or ordered means
(depending on whether we are testing Theorem 1 or 2) is satisfied, a strict first-order stochastic dominance
ordering can provide suggestive evidence of discrimination in general and taste-based discrimination in

particular.

In Figure 1, we plot the distribution of wages of Black workers with some college or an associates’ degree
and White workers who have just a high school degree in two out of the nine broad occupation groups
mentioned above. Panel 1a shows the distribution of wages in the Sales occupation category (such as
retail salespersons, insurance sales agents, etc.) and Panel 1b shows the distribution of wages in the Pro-
duction occupation category (such as metal workers, painters, woodworkers, etc.). Panel 1a is visually
stark: despite having lower years of schooling, White workers” wages clearly appear to strictly first-order
stochastically dominate the wages of Black workers. The evidence in Panel 1b is less clear. We use the
Kolmogorov-Smirnov style test of Barrett and Donald (2003) to confirm these visual tests. For Sales,
the null that White workers’ wages first-order stochastically dominate those of Black workers is not re-
jected while the null that Black workers’ wages first-order stochastically dominate those of White workers
is clearly rejected even at the 1% level. This demonstrates s¢7ict first-order stochastic dominance. Con-
versely, for Production, both the null that White workers’ wages first-order stochastically dominate those

of Black workers and the null that Black workers’ wages first-order stochastically dominate those of White

220ne might wonder whether an associate’s degree or some college (without a completed bachelor’s degree) is a negative signal
for employers relative to just a high school education. This is not the case. In the Appendix, we show that wages of Black
workers with some college or associate’s degrees strictly first order stochastically dominate the wages of Black workers with

just a high school degree.
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workers are not rejected at 5% level.

Figure 1: Descriptive Evidence with Ordered Means

T
4 6 8 10 12 14 0 5 10 15

[—— whites ----- Blacks |—— Whites ----- Blacks
(a) Sales (b) Production

Data is from the ACS 2007-2021. Men aged 30-55, working full time (50-52 weeks). Black workers with some college or
associate’s degrees and White workers with high school degrees.

While these descriptive graphs are informative, it is possible that these wage distributions are the result
of different distributions of (non-educational) characteristics amongst Black and White workers. To
hold these other characteristics constant, we turn to our main specification: the quantile decomposition
discussed earlier using the methodology of Chernozhukov, Fernindez-Val, and Melly (2013). We con-
duct the decomposition for the same two broad occupation categories above—Sales and Production—
separately (and recall that in each case Black workers have some college or an associate’s degree and White
workers have a high-school diploma) with the following rich set of controls: census region of residence
(4 regions), Census wave (2011, 2016 or 2021), age, age squared and dummies for finer occupation con-
trols (with all the occupations that have very few Black workers pooled into a single dummy). It is worth
flagging that even though we control for detailed occupation codes, different firms may offer distinct
wages. Conceptually, this is not an issue for our test as one could control for the identity of the employer
if the researcher has access to rich employee-employer matched data. That said, in Section 5.3, we dis-
cuss the potential incorrect interpretations of the results of our test conducted on data like the ACS that

aggregates wages from several firms.

Figures 2 and 3 display the results for both occupation categories. Each figure contains four panels: in
each panel, quantiles are on the x-axis and differences between the log annual wages of Black workers and
White workers are on the y-axis. Recall that an equivalent way of stating that the wage distribution for a
group strictly first-order stochastically dominates the other is that the wages for the first group are weakly

higher than the second at 2// quantiles and strictly higher at some. Formally, G; = G is equivalent

25



to G;'(q) > G;'(q) forall ¢ € [0,1] with the inequality strict for at least one ¢.** For the decom-
positions, we use the default settings of the CDECO command in Stata: estimation is based on linear
quantile regressions based on Koenker and Bassett (1978), hundred bootstrap replications are performed

for inference, and both pointwise and uniform confidence intervals at 95% are constructed.

Figure 2: Quantile decompositions for occupation category Sales
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Data is from the ACS 2007-2021. Men aged 30-55, working full time (50-52 weeks), and working for wages. White workers
have high school degree, Black workers have some college or associate’s degrees. CDECO Stata command based on Cher-
nozhukov, Ferndndez-Val, and Melly (2013). Controls are age, age-squared, Census region, 2010 occupation codes, and Cen-
sus wave. 95% confidence bands.

The top left panel plots the difference in wages at each quantile of the wage distribution; this is the total
discrimination we described above (that is, G;' — G5 '). The top right panel is the share of that differ-
ence attributed to the different characteristics of Black and White workers, the aforementioned systemic
discrimination (thatis, G ' — G5'). The main panel of interest for us is the bottom left panel which cap-
tures the direct discrimination (that is, G} * — G 1) The bottom right panel in each figure summarizes
these different pieces of the decomposition; to summarize, this is the equivalent quantile decomposition

analogue of distribution decomposition (1).

In Figure 2, observe that the wage structure effect (which is required to conclude @1 =1 G1) is sig-
nificantly less than 0 at all quantiles of the wage distribution (see the bottom left panel labeled “Coefti-

cients”). That is, Black workers are paid less at all quantiles of the wage distribution relative to the coun-

BWe define G *(q) = inf{w € [0,] | Gi(w) > g} since the wage distributions need not be strictly increasing.
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Figure 3: Quantile decompositions for occupation category Production
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Data is from the ACS 2007-2021. Men aged 30-55, working full time (50-52 weeks), and working for wages. White workers
have high school degree, Black workers have some college or associate’s degrees. CDECO Stata command based on Cher-
nozhukov, Ferndndez-Val, and Melly (2013). Controls are age, age-squared, Census region, 2010 occupation codes, and Cen-
sus wave. 95% confidence bands.

terfactual wages they would receive were they to be treated as White. In other words, if we were to believe
that conditioning on the above mentioned observables, the average productivity of more educated Black
workers is at least as high as less educated White workers, then this is suggestive evidence of taste-based
discrimination in Sales based occupations. The same is not true in Figure 3. Once we factor in workers’
characteristics in Production occupations, the wage structure effect (the bottom left panel) is not below

zero at all quantiles. Hence, we cannot conclude that there is strict first-order stochastic dominance.

As discussed earlier, one concern about analysis at the broad occupation category level is that this involves
an aggregation of the wage distributions of several distinct occupations. One simple way to address this
concern is to conduct our test at the finest occupation code level in the ACS. The next two figures display
the wage structure effects (the decomposition term corresponding bottom left panel in Figures 2 and 3)
for the top four occupations (in terms of the number of observations) within the Sales and Production

categories.

The evidence aligns with that from the analysis at the occupation category level. For Sales, we find ev-
idence of taste-based discrimination in the top three occupations but not in the fourth (“Counter and
Rental Clerks”). For Production, we get the opposite. There is only evidence of taste-based discrimina-

tion in the fourth occupation (“Packaging and Filling Machine Operators and Tenders”).
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Figure 4: Wage structure effect in the top four occupations within occupation category Sales
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Data is from the ACS 2007-2021. Men aged 30-55, working full time (50-52 weeks), and working for wages. White workers
have high school degree, Black workers have some college or associate’s degrees. CDECO Stata command based on Cher-
nozhukov, Ferndndez-Val, and Melly (2013). Only the wage structure effect (coeflicient plot from CDECO) is displayed.
Controls are age, age-squared, Census region, 2010 occupation codes, and Census wave. 95% confidence bands.

Figure 5: Wage structure effect in the top four occupations within occupation category Production
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Data is from the ACS 2007-2021. Men aged 30-55, working full time (50-52 weeks), and working for wages. White workers
have high school degree, Black workers have some college or associate’s degrees. CDECO Stata command based on Cher-
nozhukov, Ferndndez-Val, and Melly (2013). Only the wage structure effect (coeflicient plot from CDECO) is displayed.
Controls are age, age-squared, Census region, 2010 occupation codes, and Census wave. 95% confidence bands.
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What explains the differences between the evidence from the Sales and Production occupation categories?

What about other occupation categories? We address these questions next.

The task composition of discriminatory occupations: Table 1 below shows the average values
of the task composition of different broad occupation categories along with whether we find suggestive

evidence of taste-based discrimination in that category.

Table 1: Average task compositions of occupation categories

Occupation | Occupation Evidence Task Composition

Number of Abstract | Contact | Routine | Manual
discrimination | (z-score) | (z-score) | (z-score) | (z-score)

1 Management, Business and Financial Yes 1.506 0.947 -1.135 -0.656

2 Professional Yes 0.841 0.135 0.032 -0.117

3 Service No -0.555 0.422 -0.846 0.467

4 Sales Yes 0.563 1.350 -1.011 -0.662

5 Office and administrative support Yes -0.345 0.279 -0.014 -0.766

6 Construction and extraction No -0.422 -0.537 0.823 1.181

7 Installation, maintenance and repair No -0.314 -0.604 0.998 0.552

8 Production No -0.331 -0.912 0.497 -0.286

9 Transportation and material No -0.811 0.141 -1.192 1.477

For each occupation category, the third column states whether or not we find evidence of taste-based
discrimination against Black workers. We find such evidence in four of the nine categories. These findings
connect naturally to the recent work of Hurst, Rubinstein, and Shimizu (2024), who decompose racial
wage gaps into “nonpecuniary discrimination” (barriers to entry that affect occupational sorting) and
“pecuniary discrimination” (differential returns to skills within occupations). Our test is designed to
detect the latter — differential returns — while accounting for both skill difterences and selection due to
nonpecuniary discrimination. Importantly, nonpecuniary discrimination reinforces our ordered means
assumption: Hurst, Rubinstein, and Shimizu show that occupations with entry barriers positively select
higher-skilled Black workers, so that “selection tends to reduce the observed racial wage gaps in these

occupations, partly masking the negative impact of the racial barriers.”

Hurst, Rubinstein, and Shimizu find that the racial gap in Abstract tasks is driven almost entirely by
pecuniary discrimination — Black male workers “working in Abstract tasks earn, on average, lower task
returns compared to White men conditional on selection.” Consistent with this, three of the four occupa-
tion categories where we find evidence of taste-based discrimination involve the highest rates of Abstract
tasks. By contrast, the racial barrier in Contact tasks is driven primarily by nonpecuniary discrimination,
consistent with our finding that Contact-heavy categories like Service do not exhibit strict first-order

stochastic dominance.

Evidence of taste-based discrimination in NLSY-79: We now present our results from the

NLSY-79. This data set has far fewer observations than the Census but allows us to control for pre-market
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ability using AFQT scores. Unlike the Census analysis, which relies on the ordered means assumption of

Theorem 2, here we can test the equal means assumption of Theorem 1 by directly controlling for ability.

Figure 6 displays the wage structure effect under increasingly stringent controls; all figures control for
educational attainment, age, age-squared and AFQT scores. Both the top left and top right panels show
clear evidence of strict first-order stochastic dominance. The top right panel includes the current occu-

pation dummy (blue collar vs. white collar).

Figure 6: Wage Structure Effects from the NLSY
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Sample: Black and white men, NLSY79, 2000.
Controls added sequentially. Bootstrap reps = 100.

Data is from the NLSY-79. Wages recorded in calendar year 2000 for men working full time (50-52 weeks). CDECO Stata
command based on Chernozhukov, Ferndndez-Val, and Melly (2013). Only the wage structure effect (coefficient plot from
CDECO) is displayed. All estimates control for educational attainment, age, age-squared and AFQT scores. In addition, the
top right panel controls for the binary occupation dummy in 2000, bottom left controls additionally for wages in 1998, and
the bottom right controls additionally for the binary occupation dummy in 1998.

Another advantage of the NLSY data (relative to the Census) is that it is a panel. This allows us to con-
trol on past wages and occupations. These controls allow us to compare Black and White workers who
worked the same job in the previous period at the same wage. If there was no discrimination in the previ-
ous period wages, two employees of each group who are paid the same must have the same expected pro-
ductivity (since we assume that wages only depend on expected productivities). Conversely, if employers
had engaged in discrimination against Black workers in the previous period, we expect Black workers to
be more productive than White workers for them to have been paid the same wage. The remaining pos-
sibility is that Black workers have a lower expected productivity, but got paid the same as White workers

(with higher mean productivity) in the previous period. While unlikely in our view, this is possible if we
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think there is strong bias in the opposite direction or if forces like afhirmative action are at play.

The bottom two panels display the wage structure effect with additional controls for past wages and oc-
cupations. In both these panels, we do not find evidence of strict first-order stochastic dominance. This
is not entirely unexpected: conditioning on past wages compares workers who have already reached the
same wage level, so the test is now asking whether there is additional discrimination in wage growth con-
ditional on past wages and occupations. Detecting such an effect requires substantially more statistical

power than the NLSY sample provides.

5. DISCUSSION

In this section, we discuss the role played by the various assumptions in our theoretical and empirical

analyses.

5.1. CONVEX AND CONCAVE WAGES

The results from Section 3 allow for arbitrary wage functions. There might be settings where there is
natural structure on the wage functions. Imposing such structure has the advantage of strengthening

the testable implications of the model.

Motivated by increasing inequalities in income, one natural assumption to impose is that wages are convex
in the expected productivity of the worker. For instance, convex wages arise in the optimal task allocation

example we discussed in Section 2.1. We denote
Weonw := {W € W | W is strictly convex }

to be the set of strictly increasing and strictly convex (and therefore continuous) functions.** Likewise,

we use Weonc to denote the set of strictly increasing and strictly concave functions.

We say that wage distribution G; dominates distribution G ; in the strict increasing concave order, it

[ M) > [ MGy

for every strictly increasing, strictly concave function M : Ry — R.. The strict increasing convex order
can be analogously defined when the above inequality holds for all strictly increasing, strictly convex func-
tions M : R, — R,. For more discussion on these orders, see Section 4.A in Shaked and Shanthikumar
(2007).

24The only possible point of discontinuity is at 0, but strict convexity and strict monotonicity guarantees that there is no jump
at 0.
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We derive a version of Theorem 1 assuming wages are convex.

THEOREM 3. Wage distributions G and Gy are rationalizable (given Heq ; Weonn) with equal mean
productivities and a strictly concave wage function if, and only if, neither Gy nor Gy dominates the other in

the strict increasing concave order.

This result can also be used to derive the analogous version of Theorem 2 for the case of ordered means.
If we were to instead assume wage functions were concave, the statement would be verbatim with Wy,

replacing Won, and the strict increasing convex order replacing the strict increasing concave order.

If G; =1 Gj, then G; also dominates distribution G in both the strict increasing concave and con-
vex orders. Thus, Theorem 3 shows that the testable implications are stronger under the assumption of
convex wages but, once again, they take a form that is easy to take to the data. There are well-known
tests for higher orders of stochastic dominance (the strict increasing concave order is related to second-
order stochastic dominance) developed in the econometrics literature (once again, see Barrett and Don-
ald, 2003).

5.2. WITHIN-A-NEIGHBORHOOD MEANS

All of the above results required mean productivities to be either equal or ordered. Instead, suppose we

assume that

Hj1—z1<a = {(H1, Ha) | [Eq, [01] — Egp, [02]] < d},

that is, both groups have productivity distributions whose mean differs by at most d € R,. Additionally,

Wwe assume

Wit = {W e W||W(8) — W (@) < |6 — ¢|forall 6,6 € O},

that is, wage functions are 1-Lipschitz. This technical restriction imposes some discipline on the wage
function, that is, it ties changes in wages with changes in productivities. It is weaker than assuming that

wage functions are differentiable with slope less than 1.
We now characterize wage distributions that are rationalizable under these assumptions.
THEOREM 4. Wage distributions G and Gy are rationalizable (given H)1_o<q , Wr1) with mean pro-
ductivities that are within d of each other and a 1-Lipschitz wage function if, and only if, either
(z) the wage gap is less than d, that is, |Eq, [w] — Eg, [w]| < d, or
(11) neither G nor Gy strictly first-order stochastically dominates the other.

As Theorem 1 shows, if wages are not ordered by first-order stochastic dominance, they can be ratio-
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nalized with equal mean productivities. Consequently, they will be rationalized (given H i _oj<a , Wr1)
for any d > 0; the additional restriction on the wage function Wy, C W does not affect Theorem 1
(the older version Deb and Renou, 2022 has a formal statement of this). So the real contribution of
Theorem 4 is the first condition (i). This shows that the wage gap can be a useful statistic to test for
the presence of taste-based discrimination, but on/y when the wage distributions are ordered by strict

first-order stochastic dominance.

Anissue with applying the resultin Theorem 4 to data is that the researcher has to choose the appropriate
mean productivity difference d to test for. However, the statement of this theorem can be inverted to
show that the wage gap is a tight lower bound for mean productivity differences required to rationalize
the wage distributions. In other words, if we want statistical discrimination alone to rationalize the data,
the wage gap is the smallest difference in productivity means required, whenever one wage distribution

first-order stochastically dominates the other.

THEOREM 5. Suppose Go =1 G1. Then, there exist (Hy, Fy, Hy, Fy, W) that jointly induce G1, G5 such
that W € Wr1 and By, 0] — Ey, [0] = Eg,[w] — Eg, [w].

Moreover, every (Hy, Fy, Hy, F5, W) with W € Wy, that jointy induce Gy, Gy satisfy Ep,[0] —
]EHl [9] > EGQ [w] - EGl [w]

In words, this result states that every (Hy, Fy, Ha, Fo, W) with W € W, that induce wage distribu-
tions G =1 G have the feature that the differences in mean productivities is at least the wage gap, and
that this bound is tight. Thus, the wage gap is a useful measure of the minimum productivity difference
required for statistical discrimination alone to rationalize the wage distributions. The data can be used

to contextualize this bound and, in a sense, we already conduct such an exercise in Section 4.2.

To see this, let us revisit our empirical application. Compare prime aged (30-55) Black and White full
time working males in sales with high school degrees. Controlling for their characteristics, the mean gap
in wages is —11, 807 USD (Black workers earn less).”> So, if we want statistical discrimination alone to
explain the data, we need the mean productivities to differ by at least this wage gap. To put this number
in perspective, let us compare Black workers with high-school degrees to Black workers with associate’s
degrees in sales jobs. The difference in mean wages between these two groups is —4329 USD (workers
with associate’s degrees make more). This says that, absent taste-based discrimination, the difference in
mean productivity between White and Black high-school educated workers corresponds to more than

two additional years of schooling for Black workers.

Instead of bounding absolute productivity difterences, one could also try to bound percentage produc-

A0l wage gaps in this paragraph control for age, age-squared, Census region, 2010 occupation codes, and Census wave.
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tivity differences. Formally, for v € (0, 1), let
Hijoza = {(H1, Hz) [Em, [01] > aEp,[0s]},

denote the set of productivity distribution pairs such that group 1’s mean productivity is at least a fraction
« of that of group 2. As with Theorem 4, one could first characterize the set of rationalizable wage
distributions and then invert result to derive the bound. Unfortunately, there is too little structure in the

model to bound percentage differences.

THEOREM 6. Suppose G1(0) = G2(0) = 0. Then, forevery o € (0, 1), every pair of wage distributions is
rationalizable (given Hi j2>q, Wr1) with the ratio of mean productivities being at least o and a 1-Lipschitz

wage function.

This result states that, for any fraction c, every pair of wage distributions are rationalizable with produc-
tivity distributions whose means are within a fraction o of each other. Loosely speaking, this is because
we can consider wage functions that are very flat for low wages but have slope one for higher wages. With
such a wage function, absolute differences in higher wages correspond to absolute differences in produc-
tivities but because the values of the latter are high, the percentage difference between mean productivities
becomes small. The additional assumption G1(0) = G2(0) = 0 is trivially satisfied in any application

since we restrict attention to working adults and no one works for zero wages.

5.3. AGGREGATION

Our theory assumes that wages are generated by a single wage function W. Unless a researcher has access
to matched employee-employer data (so the identity of the firm can be controlled for), wage data in a
given occupation will consist of wages from many different firms. This is certainly true about the ACS
data we employ in our empirical application. Even if workers sort at random across firms, if different
firms set wages according to different wage functions, our test on aggregated data may suffer from either

Type-I or Type-II error. We demonstrate this via two examples.

Suppose there are two firms j; and j, and half the workers from each group work at both firms. Further,
suppose W = 1 and so wage distributions are supported on a subset of [0, 1]. We first construct an
example to demonstrate that, even though there is taste-based discrimination against group 1 workers,
the aggregate wage distributions may not be ordered by strict first-order stochastic dominance. In this
case, our test conducted on the aggregated wage distributions will (incorrectly) not find evidence of taste-

based discrimination.
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Specifically, let group 1’s wage distributions
Gl (w) = G (w) = w

be the uniform distribution U[0, 1] at both firms. Let group 2’s wage distributions be

0 if0<w< 1,
Gy (w)=w’ and GF(w)=1 2(w-1) if}<w<i,
1 1f%<w§1

at firms j; and jj respectively. Observe that firm j; practices taste-based discrimination against group 1
because G5 1 GJ'. Firm j, does not discriminate and the wage distributions of both worker groups at
this firm (uniform distributions U[0, 1] and U[1/4, 3/4] respectively) are not ordered by strict first-order

stochastic dominance.
The aggregate distribution %G{l + %G{Q for group 1 is the uniform UJ0, 1] distribution. The aggregate

distribution for group 2 evaluated at w = % satisfies

SOY(B3/4) + SCE(3/4) = = SGI B/ + 5CRE/Y

|

|

X
—_

|

|
A~ w

1
2 16 T2 T
and therefore the aggregate wage distributions %Ggl + %GJ; 1 %G{l + %G{é are not ordered by first-

order stochastic dominance. Thus, in this example, our null hypothesis of no taste-based discrimination

will incorrectly not be rejected (Type-I error).

Conversely, we now construct an example in which the wage distributions of both groups at both firms
are not ordered by strict first-order stochastic dominance but they are in the aggregate. Specifically, let
group 1’s wage distribution

G (w) = GP(w) = w

once again be the uniform distribution U[0, 1] at both firms. Group 2’s wages are given by

1 1 i L 1,1 1\2 . 1
G (w) = wt = (w=3)" f0<w<s, GI2 (w) = w—5+3(w—1)" if0<w< g,
2 1,1 3 1 2 2

wog w3 if<w<l,

Note that for firm i, the wage distributions satisfy G3' (w) > G (w) whenw € (0,1/2)and G5} (w) <
GJ'(w) when w € (1/2,1). The opposite inequalities hold for the wage distributions in firm j5. Thus

the wage distributions in both firms are not ordered by first-order stochastic dominance. However, when
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we aggregate them, we get

1. 1 L _1pw-1% fo<w<!
e T e e A R S
2 2 w+g—3(w—2)" ifi<w<l,

and observe that %Gél (w) + %Gf (w) > w = %G{l(w) + %G{Q (w) with the inequality strict for
w € (0,1/2) U (1/2,1). Thus, wages %Gél + %GJ; ~1 %G{l + %ij are ordered by strict first-
order stochastic dominance in the aggregate and so our test will incorrectly reject the null and suggest the

presence of taste-based discrimination (Type-II error).

Of course, issues with unobserved heterogeneity due to aggregation are present in many empirical analyses
(especially those using Census data). We stress again that our main contribution is conceptual and, if we
had access to matched employee-employer data, our test would not be subject to the shortcoming of

assuming a single wage function for firms in a given Census occupation.

5.4. MULTIDIMENSIONAL PRODUCTIVITY

Throughout we have assumed—as is ubiquitous in the labor economics literature—that productivity is
one dimensional. Of course, in reality, workers have multidimensional traits and wages could depend on
all the traits. In this subsection, we discuss how our insights are affected by allowing for this additional

generality.

Specifically, suppose a worker’s productivity (6',...,0%) € ©F is K dimensional and that the pro-
ductivity distributions for both groups are H;, Hy € A(OF). First, consider that there is a func-
tion p : ©F — R that aggregates the various dimensions of productivity so that wage is given by
W(p(#*,...,0%)). Our main results Theorems 1 and 2 immediately extend to this case if we assume that
the means of the aggregate productivities Ep, [p(6;, . .., 0f)] and Ep, [p(63, . . ., 05)] of both groups

are equal and ordered respectively.

More generally, wages could simply be a continuous, strictly increasing function W' : O — R, of the
productivity vector. As a natural analog to the one-dimensional case, assume that both groups have the
same average value Eg, [0%] = Eg, [05] of each dimension k € {1,..., K'}. Itis easy to show that every
pair of wage distributions is rationalizable even if we assume that the wage function W is an additively
separable function W (', ... 0%) = W1 (0')+- - -+ WHE(0%) where each of W' to WX is continuous
and strictly increasing (a formal result is in the Online Appendix). In other words, there is no conceptual
or technical difficulty in accommodating this generality but, of course, a model with vacuous testable

implications is not useful for empirical analysis.

In addition to requiring that the wage function is additively separable, we could assume that each dimen-

36



sion of the productivity (6}, ..., 0F) for both groups is drawn independently (with each dimension of
the productivity vector having equal means for both groups). Even in this case, Theorems 1 and 2 do
not hold; in other words, rationalizable wage distributions are not characterized by the absence of a strict

first-order stochastic dominance ordering.

As an example, suppose productivity is two-dimensional and the wage function is given by
W(6',6%) = (6")* + 0°.

Consider the following productivity distributions [, and Hj and additionally assume that signals are
perfectly informative so the distribution of posterior expected productivities satisfy F; = H; for both
i € {1,2}. H assigns an equal probability to (%, 1) and (1, 1) and H, assigns an equal probability to
(2,3) and (2, 2). Note that each dimension of the productivity is independently distributed (because
one dimension of each of Hy and Hs is constant) and the means of each dimension of H; and H> are the

same (% and 1 respectively).

These generate wage distributions

0 f0<w<(3) +1=7, 0 f0<w<(3)+1=14,
Gi(w) =% § fl<w<1®+1=2  and Go(w)=¢ 1 fl<w< (D) +3i=5%
1 if2 <w, 1 lf%Sw

These distributions are rationalizable (with each dimension of the type vector independently drawn and
an additively separable wage function) by construction but nonetheless the wage distributions G; =1 G

are ordered by strict first-order stochastic dominance.

To summarize, multidimensional productivity can be allowed but, in order for there to be testable impli-

cations with actual bite, significant structure (with appropriate justification) must be imposed.

5.5. WAGES THAT DEPEND ON HIGHER MOMENTS OF THE POSTERIOR DISTRIBU-
TION

A critical assumption in our model is that wages are only a function of the posterior mean. This is com-
mon in the literature. Specifically, following Farber and Gibbons (1996), the bulk of the labor economics
literature on employer learning makes the significantly stronger assumption that wages are equal to ex-
pected productivities (see Altonji and Pierret, 2001, Lange, 2007, Arcidiacono, Bayer, and Hizmo, 2010
and Aryal, Bhuller, and Lange, 2022 for example). This is typically justified by observing that wages equal
to expected productivities can arise when labor markets are competitive and a spot market for labor ser-

vices exists.
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Thatsaid, itis reasonable to assume that employers care about other moments of the posterior productiv-
ity distribution after observing signals of worker productivity. For instance, if employers are risk-averse,
wages may depend on the variance of the posterior in addition to the mean. Indeed, the aforementioned
seminal theoretical work of Aigner and Cain (1977) assumes that wages are an affine function of both

the mean and the variance of the posterior.

As with other assumptions, it is theoretically possible to study the set of rationalizable wage distributions
when the wage function is generalized. But, as with the other assumptions, this additional generality

comes of the cost of vacuous testable implications.

Specifically, we show that every pair of wage distributions is rationalizable when wages are an affine func-
tion of the posterior mean and variance. In other words, we show that the general non-Gaussian version

of the Aigner and Cain (1977) model has only trivial testable implications.

We also consider an alternate model where, upon observing the signal realization s; from the signal
(S;, mi), wages are E. [WW(6;)|s;] where, as before, W : Ry — R is continuous and strictly increas-
ing. Intuitively, this model captures the fact that employers might eventually learn the productivity of
the workers and this should be reflected in the initial wage. Once again, we show that this model has no

nontrivial testable implications. Both these results are in the Online Appendix.

6. CONCLUDING REMARKS

In this paper, we developed a simple but general framework for testing for taste-based discrimination us-
ing widely available cross-sectional wage data. Our framework allows for unrestricted signals and flexibly
captures imperfectly competitive labor markets through nonlinear wage functions. Despite this gener-
ality, the testable implications are easy to describe and implement: if the wage distribution of a group
with weakly higher mean productivity is strictly first-order stochastically dominated by that of the other
group, statistical discrimination alone cannot rationalize this pattern. We show how the ordered means
assumption can be validated empirically by comparing less educated White workers to more educated
Black workers. Our empirical results document stark patterns in US Census data: controlling for ob-
servables, the wages of more educated Black workers are strictly first-order stochastically dominated by
those of less educated White workers across several broad occupation categories, providing suggestive
evidence of taste-based discrimination in US labor markets. Finally, we demonstrate the flexibility of
our framework by deriving testable implications under alternative assumptions on the set of permissible

productivity distributions and wage functions.

By its nature, a test for taste-based discrimination will be demanding because the distributions of group

traits and the possibly different information received by decision makers need to be accounted for. So it
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is natural to wonder about the broader applicability of our test since it requires establishing a pattern of

first-order stochastic dominance while accounting for group means.

There are a variety of contexts beyond labor markets that our model can capture: teaching evaluations,
misconduct punishment, lending, and mortgage rates, among others (see, for example, Boring, 2017;
Mengel, Sauermann, and Zélitz, 2019; Egan, Matvos, and Seru, 2022; Pope and Sydnor, 2011; Bartlett,
Morse, Stanton, and Wallace, 2022). Our test is also well suited to experimental settings such as cor-
respondence studies that collect non-binary outcomes, where both groups are identical on average by
construction. Indeed, a few recent experiments already document first-order stochastic dominance or-
derings: Duguet, Parquet, L’Horty, and Petit (2015) find that CVs with French names strictly FOSD
those with foreign names in employer rankings, and Ramachandran, Rustagi, and Soldani (2025) find
that high-caste surnames lead to strictly FOSD grades in India. Our test can readily be applied to the

many experimental papers that study mean but not distributional differences.

We end the paper by discussing a few remaining assumptions of the model and suggest some directions
for future research. Throughout, we assumed that there were two groups. One could, in principle, test
whether the wage distributions for three or more groups—each with their own productivity distribution
and signal but with there being a common wage function—are rationalizable. Considering more than
two groups leads to stronger testable implications. Indeed, in the Online Appendix, we generalize The-
orem 1 and show that wage distributions from n > 2 groups are rationalizable (given H., defined for n
groups and W) if, and only if, we cannot find two subsets of the groups and convex combinations of their
wage distributions that are ordered by strict first-order stochastic dominance. It is similarly possible to
generalize Theorem 2 by, for instance, comparing a disadvantaged group with higher mean productivity

against multiple (comparatively) advantaged groups.

While we considered many combinations of assumptions on the sets of productivity distributions and
wage functions, there are of course other restrictions that one could impose based on the context. For
instance, information or estimates about labor market competition may allow the researcher to bound
slopes of the wage function. This in turn, could allow the researcher to infer bounds on mean productiv-
ity differences (absolute or percentage) required to rationalize the wage distributions absent taste-based

discrimination. We demonstrate how to do so in the Online Appendix.

Lastly, our empirical application demonstrated (by comparing less educated White workers to more edu-
cated Black workers) how the data can validate assumptions on the set Hof productivity distributions (in
this case, H = H geq)- Our approach can be adapted to richer data sets where there may be additional in-
formation about worker productivity. In a sense, the robustness check we conduct using NLSY-79 data
does precisely this by exploiting data on AFQT scores and the panel data structure to control for past

wages and occupations. But this of course, does not employ the full richness of the panel as we only use
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information in one previous period. To do so, we would need to introduce dynamics into our framework

which is something we hope to do in future research.
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A. PROOF OF THEOREM 1

In the text, we already proved the equivalence of statements (i), (iii) and (iv). We also argued that if the
wage distributions G; and G are rationalizable with (¢4, W), then neither Gy nor G strictly first-
order stochastically dominates the other. That is, we showed that statement (i) implies statement (ii). We

now prove the converse. Throughout, when we use the indices ¢ and j, we assume that¢ € {1,2} and

7€ {123\ {i}.

We start with a preliminary observation about strict first-order dominance. It is well-known that G first-

order stochastically dominates G if, and only if,

/MdG /MdG)

for all (not necessarily strictly) increasing (and not necessarily continuous) functions M : Ry — R (see
Chapter 1 of Shaked and Shanthikumar, 2007).%¢ In addition, it is easy to see that G strictly first-order
stochastically dominates G if, and only if, G; first-order stochastically dominates G; and is not first-

order stochastically dominated by G;. It follows immediately that G; strictly first-order stochastically

/MdG /MdG)

for all increasing functions M : Ry — R with a strict inequality for some M. The following lemma is

dominates G if, and only if,

an immediate consequence.

LEMMA . Suppose G; # G and G; #1 G . Then there exists a strictly increasing and continuous function

M such that
/ M(w)dG;(w / M(w)dG,;(w).

PROOF OF LEMMA 1. Since GG; #1 G}, either there exists an increasing function M : R — R, such

that
/M )dG;(w /M )dG i (w),

%¢Since the distributions G and G+ are supported on a subset of [0, ], the expectation of these functions always exist.
Further, there is no loss in taking the domain and range of M to be R as opposed to R.
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or for all increasing functions M : Ry — R,

/M )dG;i(w /M )dG(

The latter case is equivalent to G; = G, since we can choose M to be the indicator of the intervals (w, W
forall w € [0,w) (recall that G;(w) = G;(w) = 1and G;(0) = G,(0)). Since G; # G}, the former
must therefore hold. Since the inequality is strict, we can approximate the increasing function M by a
strictly increasing and continuous function M : Ry — R such that the inequality remains strict (this

can be done constructively). This completes the proof. [ |

We now complete the proof of Theorem 1 by showing statement (ii) implies statement (i). It G = Gy,
we can just take W () = 6 along with F; = H,. So henceforth, we assume G # Go.

Since G; #1 G2 and Gy #1 G4, Lemma 1 implies there exist strictly increasing and continuous func-

tions M’ : Ry — Ry and M” : R, — R, such that

/ M (w)dG (w / M (w)dGs(w) and
/ MY (w)dG (1) < / M(w)dG ().

0 0

Therefore, by the intermediate value theorem, there exists an a € (0, 1) such that

/ M (w) + (1 — ) M (w)|dCh (w) = / QM (w) + (1 — @) M (w)]dGC(w).
0 0
We denote M = aM' + (1 — a)M". Since, affine transformations of M will not affect the above

equation, we can without loss of generality assume that M (0) = 0. Let § = M ().

Take a continuous, strictly increasing function W : R — R, that satisfies W (0) := M () for
0 € [0,0] and define F;(0) := G;(W(0)). Clearly, F; is a well-defined distribution.

Finally, observe that

/ 0dF, (0 / M (w)dGy (w / M (w)dGa(w / 0dF,(0)

where the first and last equalities follow from the change of variable § = M (w) and the fact that
F;(M(w)) = G;(w) by construction. Taking H; = F; completes the proof.

A remark is in order. While this proof is non-constructive, it is possible to show (as we do in the older
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version Deb and Renou, 2022) that there always exists a piece-wise linear 1-Lipschitz wage function,

which rationalizes the wage distributions when the set of possible productivities © = R is notbounded.

B. PROOF OF THEOREM 2

This result was proved in the body of the paper.

C. PROOF OF THEOREM 3

(Only if.) The proof is by contradiction. Suppose that the wage distributions Gy and G, are rational-
izable (given Heg , Weonw) and yet G; dominates G in the strict concave order (7 # j). Since the wage

distributions are rationalizable, there exists a strictly increasing, strictly convex wage function W, distri-
butions (F1, F») such that Gi(w) = F,(W ™ (w)) forall w € [0,w] and priors (H;, H>) such that
Eg, [0] = E,[0] and Fy, =5 Hy fork € {1,2}. Define = W~ (w).

Since W is strictly increasing and strictly convex, W—Lis strictly increasing and strictly concave. To see

the latter, choose (w, w’) € [0,w]? with w # w’. From the strict convexity of T, we have that
aW (W= w)) + (1 — )W (W Hw')) > W(aW Hw) + (1 — o)W ).
forall € (0, 1). Since W1 is strictly increasing, it follows that
W (aW (W w) + (1 — )W W (W) > W (W(aW H(w) + (1 —a)W(w))),
which is equivalent to
W aw+ (1 — a)w') > aW Hw) + (1 — )W H(w'),

as required.

Finally, since we have assumed 1 and G5 are rationalizable, we have that

/0 W (w0)dGy a0 = /0 ’ 0dF,(8) = /O ’ pdH(8) = /0 ’ g (0) / 6dF; (0 / e

which is the required contradiction since G; dominates GG in the strict concave order.

(If.) The argument is almost identical to the part of the proof of Theorem 1 showing statement (ii)

implies statement (i). Since neither G; nor GG dominates the other in the strict concave order, there
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exists a strictly increasing, strictly concave function M such that

/M VG (w /M )AG (1w

Since, affine transformations of M will not affect the above equation, we can, without loss of generality,

assume that M (0) = 0. Let § = M ().

Take a strictly increasing and strictly convex function W : R, — R that satisfies W (6) := M ()
for @ € [0, 6] and define F;() := G;(W(0)). Clearly, F; is a well-defined distribution.

Finally, observe that

/ 0dF, (0 / M (w)dGy (w / M (w)dGa(w / 0dF,(0)

where the first and last equalities follow from the change of variable § = M (w) and the fact that
F;(M(w)) = G;(w) by construction. Taking H; = F; completes the proof.
D. PROOF OF THEOREM 4

We prove the first statement of Theorem 4. The restated version of the theorem follows immediately

from the argument below.

(Only if.) Suppose the given wage distributions 1 and G5 are induced by model primitives H, Ho, F7,
Fyand W where |[Ey, [0] — Eg, ]| <d.

Since the wage function is Lipschitz continuous, it is differentiable almost everywhere. Let§ = W~ (w).

Therefore, for each group i € {1, 2}, we can write
B lul = wGi(w)f - | Gi(w)du
0

7
:w—/ W' (0)F;(6)do
0

where the second equality follows by a change of variable from w to 0.

In light of Theorem 1, we only need to consider the case where G; >; G, for some ¢ € {1,2} and
J € {1,2} \ {7}. In this case, the above equation implies that

B [u] / w0 — F(0))do
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where the first inequality follows from the fact that W is 1-Lipschitz and F;(6) > F;(0) (since G;(0) >
Gi(0)). As required, this shows that two wage distributions (ordered by strict first-order stochastic dom-

inance) are rationalizable (given H1_g|<q , WWr1) only if the wage gap is less than d.

(If.) Once again, in light of Theorem 1 (the remark following the proof points out that the wage function
can be chosen to be 1-Lipschitz), we only need to consider the case where G; > G, fori € {1,2} and
J € {1,2} \ {i} and the wage gap satisfies |E¢, [w] — E¢, [w]| < d.

These wage distributions are induced by H; = F; = G, along with W (#) = 0 and these chosen
productivity distributions satisfy |Eg, (0] — Eg, [0]| = |Eq, [w] — Eq,[w]| < d as required.
E. PROOF OF THEOREM 6

We will construct a wage function such that distribution of posterior expected productivities obtained
satisfies Ep, [0] > aEp, [0]. We then take H; = F;.

Since G1(0) = G2(0) = 0 (and cumulative distributions are right continuous), there exists a small
enough @ > 0 such that

1-G

T;EZ}];>O{ forall UJSlD

This in turn implies that
P11 — Gy (w)]d
Iy Gitwdw
fo 1 — Go(w)]dw

Now takeae € (0, 1) and consider the following wage function

el when 6 € [0, w/¢],
W+ (6 —2) whenf >w/e.

Note that, by construction, it is 1-Lipschitz. Let g=w-1 ().
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With this wage function, the ratios of the mean productivities becomes

Enl6] _ Jy 04Fi(0)
Erl0] (7 9dr,(0)
(
(

- R(0))de
= Ey(0))do

[

J ol
= Gi(w)ldw + & [T = Gi(w)
[ (w)

) dw
fow[l — Go(w)]dw + & [l — Ga(w dw
Since % > v, we can find small enough € such that
S = Gi(w))dw + ¢ [T]1 — Gi(w)dw  Ep, 0] -

S0 = Go(w)dw + 2 [F[1 — Gy(w)ldw  Erlf]

which completes the proof because W is the requisite wage function.
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F. WAGE DISTRIBUTION DECOMPOSITIONS OF OTHER OCCUPATION CATE-

GORIES

Figure 7: Quantile Decompositions for occupation category Management, Business, and Financial Oc-

cupations
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Data is from the ACS 2007-2021. Men aged 30-55, working full time (50-52 weeks), and working for wages. White workers
have high school degree, Black workers have some college or associate’s degrees. CDECO Stata command based on Cher-
nozhukov, Fernindez-Val, and Melly (2013). Controls are age, age-squared, Census region, 2010 occupation codes, and Cen-
sus wave. 95% confidence bands. Evidence of strict first-order stochastic dominance.

47



Figure 8: Quantile Decompositions for occupation category Professional Occupations
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Data is from the ACS 2007-2021. Men aged 30-55, working full time (50-52 weeks), and working for wages. White workers
have high school degree, Black workers have some college or associate’s degrees. CDECO Stata command based on Cher-
nozhukov, Ferndndez-Val, and Melly (2013). Controls are age, age-squared, Census region, 2010 occupation codes, and Cen-
sus wave. 95% confidence bands. Evidence of strict first-order stochastic dominance.
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Figure 9: Quantile Decompositions for occupation category Service
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Data is from the ACS 2007-2021. Men aged 30-55, working full time (50-52 weeks), and working for wages. White workers
have high school degree, Black workers have some college or associate’s degrees. CDECO Stata command based on Cher-
nozhukov, Ferndndez-Val, and Melly (2013). Controls are age, age-squared, Census region, 2010 occupation codes, and Cen-
sus wave. 95% confidence bands. No evidence of strict first-order stochastic dominance.
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Figure 10: Quantile Decompositions for occupation category Office and Admin Support
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Data is from the ACS 2007-2021. Men aged 30-55, working full time (50-52 weeks), and working for wages. White workers
have high school degree, Black workers have some college or associate’s degrees. CDECO Stata command based on Cher-
nozhukov, Ferndndez-Val, and Melly (2013). Controls are age, age-squared, Census region, 2010 occupation codes, and Cen-
sus wave. 95% confidence bands. Evidence of strict first-order stochastic dominance.

50



Figure 11: Quantile Decompositions for occupation category Construction and Extraction Occupations
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Data is from the ACS 2007-2021. Men aged 30-55, working full time (50-52 weeks), and working for wages. White workers
have high school degree, Black workers have some college or associate’s degrees. CDECO Stata command based on Cher-
nozhukov, Ferndndez-Val, and Melly (2013). Controls are age, age-squared, Census region, 2010 occupation codes, and Cen-
sus wave. 95% confidence bands. No evidence of strict first-order stochastic dominance.
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Figure 12: Quantile Decompositions for occupation category Installation, Maintenance, and Repair
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Data is from the ACS 2007-2021. Men aged 30-55, working full time (50-52 weeks), and working for wages. White workers
have high school degree, Black workers have some college or associate’s degrees. CDECO Stata command based on Cher-
nozhukov, Ferndndez-Val, and Melly (2013). Controls are age, age-squared, Census region, 2010 occupation codes, and Cen-
sus wave. 95% confidence bands. No evidence of strict first-order stochastic dominance.
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Figure 13: Quantile Decompositions for occupation category Transportation and Material Moving
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Data is from the ACS 2007-2021. Men aged 30-55, working full time (50-52 weeks), and working for wages. White workers
have high school degree, Black workers have some college or associate’s degrees. CDECO Stata command based on Cher-
nozhukov, Ferndndez-Val, and Melly (2013). Controls are age, age-squared, Census region, 2010 occupation codes, and Cen-
sus wave. 95% confidence bands. No evidence of strict first-order stochastic dominance.
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G. ONLINE APPENDIX

G.1. MULTIDIMENSIONAL PRODUCTIVITY

In Section 5.4, we mentioned that it is possible to rationalize every pair of wage distributions if produc-
tivity is allowed to be multidimensional even when the mean productivity of each dimension is the same.

In this section, we present this result formally.

We use §; = (6},...,0F) to denote the K-dimensional productivity of group i. We will assume that
employers perfectly observe the workers’ productivities. This simplifies the presentation of the result and

makes the result stronger because we are not employing the additional generality that signals allow for.

We say that a pair of distributions GG; and G5 are rationalizable with K -dimensional productivities if
there exist (i) productivity distributions H; € A (@K ) and H, € A (@K ) that have the same mean
Ep, [05] = Ep, [05] in all dimensions & € {1, ..., K} and (ii) a continuous wage function W : RE —
R that is additively separable and strictly increasing in each productivity dimension such that these jointly

induce the observed wage distributions.

The next result shows that we can rationalize every pair of distributions with four dimensional produc-
tivities.

THEOREM 7. Every pair of wage distributions G and G are rationalizable with 4-dimensional produc-
tivities.

PROOF. Suppose (11 := E¢, [w] > po =: Eg,[w]. The opposite case can be handled analogously. If
the means are equal, then the distributions are not ordered by strict first-order stochastic dominance and

so can be rationalized with a single dimensional productivity.

We now construct the productivities /11 and Hy for each group. For group 1, the distribution H is given

by:

* 0i ~ G isdrawn independently and its marginal distribution is the same distribution as the wage

distribution of group 1;
* 07 ~ 0, is the degenerate distribution at the mean wage u of group 2;

* (03, 07) are uncorrelated with either of the first two dimensions and they take values either (O, 2(p1 — o ))
or ( 2(py — p2), O) each with probability %
For group 2, the productivity distribution Hj is given by:

* 03 ~ 0, is the degenerate distribution at the mean wage 11 of group 1;
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* 03 ~ (G5 is drawn independently and its marginal distribution is the same distribution as the wage

distribution of group 2;

vV 2(p1—p2)

* 03 ~ 0 sy is the degenerate distribution at
2

2 b

) is the degenerate distribution at Y22 —#2)

2 ms eegeeaes ution a 3 .
2

Notice that each productivity dimension has the same mean under both distributions /1 and Hy: they

v/ 2(p1—p2) and Y 2(p1—p2)
2 2

are [i1, o, respectively.

Let the wage function be given by
W(0',0%,0°,0%) = 0" + 0%+ (6°)* + (0")* + pa — 21

and observe that it is continuous, additively separable and strictly increasing in each argument.

Now observe that for group 1, the mean wage is

1 1
B, [W(0',6%,6%,01)] = i + i + 5 X 20 — p2) + 5 X 20 — pi2) + pi2 = 21 = pu1.

The wage distribution induced by H; and W is thus precisely the distribution G as required since the
distribution of 67 + (6%)% + (61)% + pa — 24 is simply the degenerate distribution at 0.

Similarly, observe that for group 2, the mean wage is

2 — 2 _

The wage distribution induced by Hy and W is precisely G5 as required since the distribution of 0} +
(63)* 4 (03)* + p12 — 241 is simply the degenerate distribution at 0.

This completes the proof. [ |

G.2. HIGHER MOMENTS

In the main text, we assumed that the wage is a strictly increasing function of the posterior mean produc-
tivity alone. We now show that if wages were to depend on higher moments of the posterior productivity

distribution, then all wage distributions are rationalizable.

Once again, we overload notation but the meaning should be clear. Let W, (1, 0?) = p — ao? with
a > 0 be a wage function that assigns a wage based on both the posterior mean productivity ; and the

posterior variance 0. Note that IV, is a linear function of the posterior mean and variance, is increasing
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in the former and decreasing in the latter. We define
Wmaz = {Wa ‘ « 2 O}

to be the set of all such wage functions. Rationalizability (given H.y, W, »2) is defined as before, except
itis no longer sufficient to simply consider the distribution of posterior mean productivities F; (since the

variance matters too).

We now show that meaningful testable implications of the model disappear even with this limited class
of wage functions that are an affine function of only the posterior mean and variance. This shows that a
general (non-Gaussian) version of the model of Aigner and Cain (1977) is not refutable. In the following

result, a zontrivial wage distribution is one that does not have mass 1 on the highest wage w = w.
THEOREM 8. Every pair of nontrivial wage distributions G and Gy is rationalizable (given Heg, W, 52)
with equal mean productivities and a wage function that is linear in the posterior mean and variance.

PROOF. If neither Gy nor G5 strictly first-order stochastically dominates the other, then the result fol-
lows from Theorem 1. So, assume that G; =1 G for i # j and hence E¢, [w] > Eg, [w].

To ease notation, we normalize the wages to be distributed in [0, 1]. (This is without loss of generality
since we can consider the re-scaled values @ := w /w0 and the re-scaled distribution Gy, given by G, () =

Gy (@ x @) for k € {1,2}.)

In what follows, we construct a wage function W, € W, .2 that rationalizes the wage distributions.

Takean o > 0. Forallw € [0, 1], let 0%(w) € [0, 1] be the greatest solution to
w=~0—ab(l-20).

Note that the right-hand side of the above equation is continuous in ¢, and takes values 0 and 1 at ¢ = 0
and 6 = 1 respectively. Thus, a greatest solution 8*(w) € [0, 1] exists. Moreover, except when w = 0,
the above equation has a unique solution since the right side is strictly increasing whenever its value is
strictly greater than 0. Then, note that §*(w) is strictly increasing in w. Finally, observe that §*(w) > w

and lim,_, o, 0%(w) = 1.

Let © = [0, 1]. Define the prior distribution Hf' of group j to be the Bernoulli distribution (so sup-
ported on {0, 1}) such that the probability of [§ = 1] is fol 6% (w)dG ;(w). Consider the signal (S;, ;)

where S; = [0, 1] and 7} is a joint distribution over © x S; such that

(i) the marginal distribution of 7; over © is the prior H,
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(ii) the marginal distribution over S; is G,

(iii) the posterior distribution upon observing any s; € [0, 1] is a Bernoulli distribution with the

probability of [# = 1] being 6*(s;).

Observe that this is a valid signal because the average of the posterior distributions fol 6% (s;)dG;(s;)
assigns the same probability to [# = 1] as the prior. Observe also that, by construction, the prior distri-

bution H', the signal (S}, 7;) and the wage function W, induce the wage distribution G.

For group ¢, we assume that the signal is perfectly informative and that the prior distribution H; is G;.
Note that since the experiment is perfectly informative, the posterior variance is always zero so the wage
at any signal realization is simply the posterior expected productivity. Clearly, the prior H;, a perfectly

informative signal (.S}, ;) and the wage function W, induce the wage distribution G;.

It remains to argue that we can choose « such that
EH]a 0] = Eg,[0].

By construction, we have:

Buplt] = [ 6°(w)dG (w) 2 B, ul,

a—r—+00

EHi [9] = EGi [w] > EGj [w]

Since E¢, [w] < 1 (as distribution G is nontrivial), there exists a requisite « > 0. This completes the

proof. [ |

Itis possible to show an analogous resultif we instead assume av < 0. Our choice of & > 0is motivated by
Aigner and Cain (1977) and is natural if employers are risk averse. If we instead allow av € R to be either
positive or negative, then all distributions (including those that are not nontrivial) can be rationalized

with equal mean productivities.

We end this section by studying one additional wage setting process that does not depend on the posterior
expected productivity alone. Like the result in the next section, we will assume a finite set of possible
wages {wy, ..., wp} where 0 < wy < wy < --- < wy, < 1(thelastinequality is a normalization). We
use g; ¢ to be the probability that workers of group 7 earn w,. To ease the exposition, we do not normalize

the signals so each signal realization is an accurate estimate of the true productivity.

We say that wage distributions G'1 and G are rationalizable with learning if there exist (i) productivity
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distributions Hy, Hy € A(O) with equal means, (ii) a signal (.S, 7;) for each group i € {1, 2}, and (iii)
a strictly increasing wage function W : Ry — Ry, such that Prob,, ({s | E.,[W(0)|s] = we}) = gie.

In words, each signal realization s (that arises with positive probability) generates a posterior distribution
i(+|s) over the productivities © and the wage corresponding to this signal is E, [W/(6)|s]. The rational-
ization with learning criterion requires that the measure of the set of signal realizations (evaluated using

the marginal distribution of 7; over S) that lead to wage wy is precisely the observed probability g; ,.

Intuitively, if employers know for sure that the worker’s productivity is 6, they will pay them W (6). The
rationalization with learning criterion captures the fact that employers may eventually perfectly learn
the worker’s productivity and the wage while there is uncertainty about the productivity is simply the

expectation of the future wage.

We now show that there are no testable restrictions subject to this criterion.

THEOREM 9. Every pair of wage distributions G and G is rationalizable with learning.

PROOF. Without loss of generality, assume that

Ec, [w] — Eg,[w Z G1,eWe — Z g2,0we 2 0

or, in words, that group 1 has weakly higher mean wages. We now construct the ingredients of the model

that induce the given wage distributions.

The productivity distribution Hj is supported on two points {0, 1}. H assigns probability 37, g1 swe
to productivity = 1and 1 — 25:1 g1,0wy to productivity 6 = 0.

For both groups, we assume that the set of signal realizations is S := {s1, ..., 5. }. Thesignal (S, m ) for
group 1is constructed as follows. The marginal distribution over S from 7y is such that signal realizations
s¢ occurs with probability ¢ . The posterior distribution 71 (-|s,) assigns probability wy to productivity
¢ = 1 and probability 1 — w; to productivity & = 0. Observe that the marginal distribution of 7, over
© is H; as it assigns probability ZZLZI g1,0wy to 0 = 1 and the remaining probability 1 — ZeLﬂ g1,0We
tof = 0.

Define W (0) = 0 and W (1) = 1. For any signal realization sy, the wage offered to workers is given by
m1(0]s¢) x W(0) + m2(1]s¢) x W (1) = wy and thus Hy, m along with the defined values of W induce

the wage distribution G.

L L . . . o
IfY 1 goowe = Y,y G1,0Wy, then the same construction for H yields an appropriate rationalization.
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So suppose that Zle Go Wy < 25:1 g1.0We.
Take a value 0 < w* < wy. Foreach ¢ € {1,..., L}, we define g by the equation

*

Wy — W
1 — w*

G+ (1—qu' =w <= q= € (0, wy).

Now observe that

L L L
ZQQ,E(H + (1 - Z!h,e%) 0=1> Zgl,ewe
—1 —1 =1

when § = 1 and

L L L L L
> gouae + (1 - Zgufle> 0=> 92000 < Y gouwr < Y growy
=1 =1 =1 =1 =1

when 6 = 0. We take 0* € (0, 1) to be the value that satisfies

L L L
> et + (1 -> 92,@%) 0" = grewe
=1 =1 =1

and note that such a 6* exists by continuity.

The productivity distribution Hy is supported on two points {6*, 1}. Hy assigns probability S+, g ¢qe
to 1 and the remaining probability 1 — 25:1 92.0qe to 0%, Thus, the mean of Hy is 25:1 92090 +
<1 — ZZLZI gz,qu) 6. Note that, by construction, the means of both productivity distributions satisfy

E,[02] = Eg, [01] as required.

Take the wage function W to be any strictly increasing, continuous function that satisfies 1 (0) = 0,

W(0*) = w*and W(1) = 1.

The signal (S, 72) for group 2 is constructed as follows. The marginal distribution over S from 7 is
such that signal realizations s, occurs with probability g, . The posterior distribution mo(+|s,) assigns
probability g, to productivity § = 1 and probability 1 — g, to productivity § = 6*. Observe that the
marginal distribution of 7y over © is precisely H as it assigns probability ZeL:1 92,0G¢ to productivity

=1land1 — 25:1 92,0G¢ to productivity 6 = 0.

For any signal realization s, the wage offered to workers is given by mo(6*[s¢) x W (6*) 4+ ma(1|s,) %
W (1) = w, and thus Hy, m3 and W induce the wage distribution Gb.

This completes the proof. [ |
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G.3. MULTIPLE GROUPS

In the main text, we have restricted our attention to two groups. The purpose of this section is to extend
Theorem 1 to n groups. To ease the arguments in this and the next section, we assume that all wage
distributions are finitely supported. Without loss of generality, we assume that the support is included
inW = {0,1,2,..., L}. (In empirical applications, wages are supported on finitely many rationals and

we can always redefine them to be supported on finitely many integers.)

Let [ = {1,...,n} be the set of groups. We use g; ¢ to denote the probability that group i receives wage
¢ and G 4 to denote the cumulative probability, that is, GG; ¢ is the probability that wages are less than or

equal to £.

We once again assume that all groups have the same mean productivity and we denote this using the same

notation

Heq = {(Hl, HQ, Ce >Hn) | EHl [91] = EHQ[QQ] == EHn [Qn]}
As with Theorem 1, we consider unrestricted wage functions in the set V.
Theorem 1 generalizes to n > 2 groups as follows.

THEOREM 10. The wage distributions (G, . . . , Gy,) supported on a subset of W are rationalizable (given
Heq, W)if, and only if; there do not exist nonempty subsets INI" = 0, IUI" = I and weights 5 € Al=L

B e AT syeh that
> BiGi=1 Y BuGar.

i€l el
In words, this condition states that we cannot find two subsets of the groups and convex combinations of their

wage distributions that are ordered by strict first-order stochastic dominance.

PROOF. Since we have assumed wage distributions are discrete, we can rewrite the definition of rational-
izability in terms of a system of equalities and inequalities. We then use a version of the Farkas lemma to

take the alternative and the latter yields the requisite characterization.

Given any strictly increasing wage function W € W, there exists a unique ¢, such that W (6,) = /.
Thus, to rationalize the wage distributions (G );c1, we need to find a vector @ = (0, ..., 60, ...,01)

with 0 < 6, < 641 such that the mean productivities

L L
> 0igie = ugje, (2)
=0 =0

of all groups (4, j) € I x I are equal. In other words, the wage distributions are rationalizable if, and
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only if, there is a solution to the above equations as then we can choose W (6,) = ¢, F;(6,) = G, and

H; = F,foralli € I and 0 < ¢ < L to rationalize the wage distributions.

We now rewrite rationalizability conditions as a linear system of equalities and inequalities. To do so, we

define two matrices. The matrix A is

91,0 — 92,0 cee g1 — Gou cen g1, — 92,1
A— 920 — 930 --- 920 —9g3e ... 92,1, — 93,L
In-10 —9Gn0 -+ Gn-10 —Gne --- Gn-1,L — Gn,L
and the matrix C is
-1 1 0 0
0 -1 1 0
C =
0 0 -1 1

The matrix A hasn — 1 rows and L + 1 columns. The matrix C has L rows and L + 1 columns. Wage

distributions (G} );e; are rationalizable (given H.,, V) iff we can find a solution to the system
A-0=0andC-0 > 0.

The first constraint captures the equal mean productivity requirement (2) and the second constraint
captures the requirement that 6, < 4, for ¢ € {0, ..., L — 1}. Note that we do not need to include a
constraint that ensures @ > 0 since if we find a solution 8, we can also find a positive solution by adding

a large enough positive constant to 6.

A general version of the Farkas lemma (see Theorem 1.6.1 in Stoer and Witzgall, 1970) states that either
there exists @ that satisfies A - @ = 0 and C - 8 >> 0 or there exists a solution (a, %) to

a-A+~v-C=0,

where v = (a1,...,00-1),Y = (Y0, ---,7L-1) are row vectors of dimension n — 1, L respectively

and v > 0 (that s, all coordinates are nonnegative with at least one positive).

The vector equation of the alternative o - A + 7y - C = 0 can be written in the scalar form

n—1
> ailgie = givre) + (e—1 — ) =0,
i=1
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forall0 < ¢ < L — 1. (With the normalization, y_; = 0.)

If we sum up these equations from 0 to 0 < ¢ < L — 1, we get
n—1 ? n—1
Z a;(Gig— Gig) + 2(75—1 — ) = Z ai(Gig— Giprg) =7 = 0. (3)
i=1 =0 i=1

Thus, the equation &+ A+ - C = 0 of the alternative is equivalent to (3) holding forall 0 < ¢ < L —1.

Further, since v > 0, a solution to the alternative exists iff there exists o such that

[y

n—

a;(Gig — Git10) >0 (4)

— Y,
1

1

forall 0 < ¢ < L — 1 with at least one strict inequality. To see this, observe that if the there was an o
satisfying the above system of inequalities, we could simply set v, = 37" (G — Giy1.¢) and this
would satisfy v > 0.

For a given ¢, condition (4) can be rewritten as

n

Z(ai —a;1)Gig >0, (S)

=1

with the convention that oy = v, = 0. Thus, a necessary and sufficient condition for wage distributions
(G1,...,G,) to be rationalizable (given H.,, W) is that there does not exist c that satisfies (5) for all
0 < ¢ < L — 1 with at least one strict inequality. We now show that this condition is equivalent to the

condition in the statement of the theorem.

First, suppose the wage distributions (G, ..., G,,) cannot be rationalizable (given H.,, YV). This im-
pp g ) y T g eqs

plies that there exists a that satisfies (5) for all 0 < ¢ < L — 1 with at least one strict inequality. Now

since Y (i — a;—1) = o, — g = 0, the o — ;1 terms cannot all be negative or positive and

moreover, they cannot all be zero since condition (4) has to hold strictly for at least one .

Without loss, let the groups be labeled such that thereisa 1 < 72 < n for which op; — ;1 > Ofori¢ < n

and ; — o;—1 < Ofori > n. We can rewrite inequality (5) as
n

Z(@i —a;1)Gig > Z (aj—1 — )Gy (6)

i=1 j=n+1
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Observe that 0 < Y7 (a; — ;1) = ay = > i—ni1(@j—1 — a;). Define
B . { (Oéi — ai_l)/aﬁ if i S 77l,

(ai—l — O[i)/Oéﬁ ifi >n

and observe that (1, . .., 83) and (Br41, - - ., Bn) are nand n — 1+ 1 dimensional probability vectors.

Thus, because (6) holds forall 0 < ¢ < L — 1 with at least one strict inequality, we get that

> BGi-1 Y BiGy.
=1

j=n+1

Conversely, suppose, without loss, that for some 1 < 7 < n, we have
Z BiGi =1 Z 5;Gj.
i=1 j=n+1

forsome (B4, ..., 8z) € A" (Ba, ..., By) € A" Define

ap =01, =01+ P, ..., ap =01+ -+ =1 and
Oéﬁ+1:1—ﬁﬁ+1, aﬁ+2:1—(5ﬁ+1+5ﬁ+2)a ceey Oénflzl_(ﬁfwrl—i_"'"i_ﬁnfl):Bn

and observe that this implies that (6) holds forall0 < ¢ < L — 1 with atleast one strict inequality. Thus,

these wage distributions cannot be rationalized (given H.q, W). [ |

Itis also possible to derive an analogue of Theorem 2. Here, we assume that there are non-empty disjoint

subsets (11, ..., Iy,) of I with UTL, I; = I and that the set of productivity distribution is given by
{(Hi, Hy, ..., Hy) | Ep[0;] > Eg, [0] when j € Iy, j' € Iy, k < K and Ep;,[0;] = Epn, [0;] when k = k'}.
We omit the statement for brevity.

G.4. RATIONALIZATION WHEN THE SLOPE OF THE WAGE FUNCTION IS BOUNDED

In the setting of Theorem 6, we restricted attention to 1-Lipschitz wage functions, which imposes an
upper bound on the slope of the wage functions. However, no lower bound was imposed. This made
it possible for arbitrarily large changes in expected productivities to induce arbitrarily small changes in
wages paid — a fact we exploit in the proof. The purpose of this section is to extend the analysis to wage
functions, whose slopes take values in an interval [a,b] C Ry;. The lower and upper bounds may

be taken from the literature for instance, from Mincerian wage equation estimates. As in the previous
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section, we assume (to simplify arguments) that all wage distributions are finitely supported on a subset
of W.

Specifically, we assume that the wage functions are strictly increasing and Lipschitz continuous with a
modulus of continuity in [a, b]. We denote the set of such wage functions by Wy, C W. Therefore,
wherever differentiable, W/(#) € [a,b] forall@ € R, W € Wp,,. Throughout this section, we

repeatedly use the following two observations.

Observation 1: When z, 2, y, v/, a > 0, the fraction

oty _Jevtn v (5-5) . v(5-3)
ay +y ay +y' y ay +y'

. . . . . / . . . /
is increasing in ov if % > % and decreasing in o if % < %

Observation 2: When z, 2, y,yy’ > 0, then

/-2 ,
N Y7 > (resp., §)$

x+ 2 T x
— = , = =
Y y+y Yy

x
> (resp., <) . ;

/

< |8

We first argue that, because wages are discrete, it is without loss to restrict attention to piecewise linear

wage functions.

LEMMA 2. Consider two wage distributions G and Gy supported on a subset of W and a wage function
W € Wra Let Fy and Fy be the distributions over posterior expected productivities induced by this wage
Sfunction, that is, F;(0) = G;(W(6)).

Then, there exists a piecewise-linear wage function W € Wi that has kink points in W such that this

wage function also induces distributions over posterior expected productivities Fy and Fy, that is, F;(0) =

Gi(W(0)).
PROOF. Let {6y, ...,0.} = {W~1(0),...,W (L)} be the pre-image of the wage function W.

Consider the function

o if 6 € [6o,61),
_ 14 =% if 0 € [0y,6,),

L—1+4 4= if € [f1,00).
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Note that this function has the feature that W(@g) = (forall0 < /¢ < L.

We now argue that that We Wriap- Itis clearly continuous by construction. Now, observe that for any
0<{¢<L-—1and(#,0) € [0,0,1]* with @ > 6, we have

W) =WO) _ W) =W(b) _ W) =W )
0 —0 Oor1 — O Orr1 — by ’

where the first equality follows from the piecewise linearity of /VI? and the value of rightmost expression
isin [a, b] because W' € Wy gp.

Now take any # < ¢’ such that 6 € [0y, 011] and @' € [0y, 0p 1] where 0 < £ < ¢’ < L — 1. We then

have

W) —W(O)  WO) —W(Op) +W(O0) = W)+ -+ W(01) — W(O)

0 —0 0 —0p+0p —O0p_ 1+ +61—80
o i (T O =T @) W) ~ W (0
(<k<t Ori1 — Ok (<k<t' Orr1 — Ok
C [a,0]

. . W) —W (0 W0, ,)-W (0 W W
The second line follows from two facts. The first is that Y¢ 2 W(Oy) _ Wlrsr) =W () and W0e1)=W(©O) _
0'—0, 0,1 —00 0ps1—0
z+a’
y+y’

W (0g41)—W (6,)
Or+1—0¢
. . . / / .
with z, 2, y,y" > 0 lies between min {i, %} and max {;—C, %} (because of Observation 2).

because of the piecewise-linearity of W. The second is that the value of the fraction

The proof of the lemma is completed by the observation that the distributions of posterior expected
productivities F; and F5 obtained by inverting G; and G5 are the same under either W or W since, by
construction W (6,) = W(Hg) =/forall0 < ¢ < L. [
A direct implication of the lemma is that it is without loss of generality to restrict attention to piecewise
linear wage functions. Note that, if W is piecewise linear, so it W 1. Moreover, the set of kink points of
W~ is a subset of W and the slope of W ~! between any ¢, £ + 1 € W (which is simply W ~(¢ + 1) —
W=1(0)) lies in the interval [1/b,1/a].

We use M to denote the set of strictly increasing, piecewise-linear continuous functions (the notation

captures that M is W upside down) whose finite kink points are a subset of W and whose slope at every
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differentiable point lies between [1/b, 1/a]. Each M € M takes the form

agw + K if0 < w < 1,
M(w) = ozl(w—l')+M(1) if1§w§2,
aL_l(w—(L—'l))—l—M(L—l) ifw'>L—1
whereall a; € [1/b,1/a] and k > 0.

Our aim is to bound the ratio

Forany M € M, this ratio equals

Erl)] _ Jo L= Fa(0))do _ i1 - Gi(w)] M (w)dw _ S aull = Gi(0)]

Epl0] M )[1 — Fy(0)]do [;[1 — Go(w)] M (w)dw L1 - Gy(0)]

Thus, the bounds for [Z} are

Do el = Gi(0)] >y el = Gi(0)]
QO aL,le[% %] Zf 01 O[g[l GQ(E)] Qe aL_le[%,%] ZZL:_Ol Oég[l — Gg(f)]

In what follows, we describe how to derive the values for these bounds. Specifically, we solve

Ze 0 ) aufl = Gi(0)]

max

(7)

The value of the lower bound can be derived analogously. The maximization problem (1) is essentially a

1-G1(0)
1-Ga(0)

knapsack problem as the following two lemmata show. We use the convention that

both the numerator and denominator are 0.

= (O whenever

LEMMA 3. There is a solution (o, . . ., ] _y) to (7) where every o, € {%, %} In words, the slopes of each

linear piece takes either the maximum or minimum possible value.

PROOF. Suppose the solution has some o) € ( 5 E) Then, from Observation 1, if

1—G4(0) S Zg/;ég ap[l = Gi(l)]
1= Ga(l) = Yy ap[l — Go()]
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the value of the objective function in (7) will weakly increase if we set o = % Conversely if the above

inequality is reversed, the value of the objective function in (7) will weakly increase if we set a; = %. |

Now, sort the series

1—Gi(0) 1—Gy(1)  1—Gi(L—1)
{1—@(0)’1-02(1)"“’1—GQ(L—1)}

in increasing order and denote this sorted series by

1—Gi(0) 1—Gi(1) 1—Gy(L—1)
1—Ga(0) 1=Gy(1) T 1=Go(L—1) "

1-G1(0) 1-G1(1) 1-G1(L—1)
1-G2(0)? 1-Go(1)? " " "2 1=Ga(L—1) [

In other words, + - Glgg is the (¢ 4 1)th highest value in the series {

Note that the value of the objective in the solution to the problem

Ze 0 ) ol — Gl(ﬁ)]

is identical to (7).

LEMMA 4. There is a solution to (8) where there is a cutoff index { such that off = *forl < landaj =1
fort > L.

PROOF. From Lemma 3, there is a solution in which every o € {%, %} for0 < k < L—1. Sosuppose,

for contradiction, that there exist ¢ < ¢ such thataj = % and o, = %. Clearly, it must be the case that

1-— ?\1(5) > Zk;ﬁf o[l — ql(k)]
1—Gy(0) Zk# ai[l — Go(k)]

as, otherwise, Observation 1 implies that a; = % would not be a solution to (8). It then follows from

Observation 2 that:

In turn, this implies that

L-Gi(t) _1-Gi() _ 50
L= Go(t) ~ 1=Ga(t) — Sy ai[l = Ga(k)] — Yoiop gl — Ga(k)]

where the first inequality is a consequence of the fact that & E ; is sorted in increasing order and, the
2
second and third inequalities are a consequence of Observatlon 2.
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Finally, the above inequality implies that the value of the objective function in (8) is weakly increasing in
1

ay (fixing all o with k # (') so aj, = < must also be a solution to (8).

This in turn implies that there is a solution to (8) with the requisite cutoff £ in the statement of the

lemma. u
The previous two lemmas yield a simple algorithm to determine the solution to (7).

Algorithm:

1-G1(0) 1—
1—Go(0) 1—

1. Sort the series {
problem (8).

—G1(L-1) . . .. .
=y } in increasing order and set up optimization

2. Evaluate the objective in (8) for all cutofts ¢ described in Lemma 3. The cutoff that maximizes the

value of the objective yields solution to (8).

This algorithm is computationally inexpensive: the time complexities of the first and second steps are

O(Llog(L)) and O(L) respectively.
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