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1. APPLICATION TO NLSY79

As a complementary empirical analysis to the one we conduct on the Census data, we also implement
our test on the NLSY79. An advantage of these data is that they allow us to condition on pre-market
ability as measured by AFQT scores; the seminal work of ? established the importance of this measure
in determining racial wage gaps. Controlling for AFQT scores (along with other covariates) allows us to
test for the presence of taste-based discrimination under the equal means assumption (Theorem 1).

We restrict the NLSY79 sample to non-Hispanic Black andWhite prime-aged (30-55) men who worked
50–52 weeks in the year 2000 and report positive wages in 2000. The outcome variable is log annual
wages in 2000 (logwage2000).

Once again, due to limitations on the number of observations of Black workers, we have to aggregate the
data in a fewdifferentways. TheNLSY79 records educational attainment as years of completed schooling
which ranges from 0 to 20. The returns to education are nonlinear (a completed high school or college
degree is disproportionatelymore valuable thandropping out one year earlier) butwedonot have enough
observations to include fixed effects for years of schooling. Consequently, we create four groups tomatch
the census educ variable used in the ordered means restriction: less than high school (≤ 11 years), high
school diploma (12 years), some college or associate’s degree (13–15 years), and college or above (≥ 16

years). Because we can control for ability via AFQT scores, we can compare Black and White workers
with similar education (as opposed to what we do with the Census data).

The NLSY79 occupation variables are coded on the 1980 CPS occupation classification. We collapse
occupations into two categories: white collar (coveringManagement, Professional, Technical, Sales, and
Office/Administrative) and blue collar (covering Service, Farming, Construction, Repair, Production,
Laborers, and Transport). This binary classification, while not ideal, is the most occupational hetero-
geneity we can allow at NLSY79 sample sizes.

?? displays the wage structure effect under increasingly stringent controls; all panels control for educa-
tional attainment, age, age-squared and AFQT scores. Both the top left and top right panels show clear
evidence of strict first-order stochastic dominance. The top right panel includes the current occupation
dummy (blue collar vs. white collar).

Another advantage of the NLSY data (relative to the Census) is that it is a panel. This allows us to con-
trol for past wages and occupations. These controls allow us to compare Black and White workers who
worked the same job in the previous period at the samewage. If there was no discrimination in the previ-
ous period wages, two employees of each group who are paid the same must have the same expected pro-
ductivity (since we assume that wages only depend on expected productivities). Conversely, if employers
had engaged in discrimination against Black workers in the previous period, we expect Black workers to
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Figure 1: Wage Structure Effects from the NLSY

Data is from the NLSY79. Wages recorded in calendar year 2000 for men working full time (50-52 weeks). CDECO Stata
command based on ?. Only the wage structure effect (coefficient plot from CDECO) is displayed. All estimates control for
educational attainment, age, age-squared andAFQTscores. In addition, the top right panel controls for the binary occupation
dummy in 2000, bottom left controls additionally for wages in 1998, and the bottom right controls additionally for the binary
occupation dummy in 1998.
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bemore productive than White workers for them to have been paid the same wage. The remaining pos-
sibility is that Black workers have a lower expected productivity, but got paid the same as White workers
(with higher mean productivity) in the previous period. While unlikely in our view, this is possible if we
think there is strong bias in the opposite direction or if forces like affirmative action are at play.

The bottom two panels display the wage structure effect with additional controls for past wages and oc-
cupations. In both these panels, we do not find evidence of strict first-order stochastic dominance. This
is not entirely unexpected: conditioning on past wages compares workers who have already reached the
same wage level, so the test is now asking whether there is additional discrimination in wage growth con-
ditional on past wages and occupations. Detecting such an effect requires substantially more statistical
power than the NLSY sample provides.

2. CONVEX AND CONCAVE WAGES

We denote
Wconv := {W ∈ W |W is strictly convex}

to be the set of strictly increasing and strictly convex continuous functions. Likewise, we useWconc to
denote the set of strictly increasing and strictly concave continuous functions.

We say that wage distributionGi dominates distributionGj in the strict increasing concave order, if∫ w

0

M(w)dGi(w) >

∫ w

0

M(w)dGj(w)

for every strictly increasing, strictly concave function M : R+ → R+. The strict increasing convex
order canbe analogously definedwhen the above inequality holds for all strictly increasing, strictly convex
functionsM : R+ → R+. For more discussion on these orders, see Section 4.A in ?.

We derive a version of Theorem 1 assuming wages are convex.

THEOREM 3.Wage distributions G1 and G2 are rationalizable (given Heq , Wconv) with equal mean
productivities and a strictly convex wage function if, and only if, neitherG1 norG2 dominates the other in
the strict increasing concave order.

PROOF.

(Only if.) The proof is by contradiction. Suppose that the wage distributions G1 and G2 are rational-
izable (givenHeq ,Wconv) and yetGi dominatesGj in the strict concave order (i ̸= j). Since the wage
distributions are rationalizable, there exists a strictly increasing, strictly convex wage functionW , distri-
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butions (F1, F2) such that Gk(w) = Fk(W
−1(w)) for all w ∈ [0, w] and priors (H1, H2) such that

EH1 [θ] = EH2 [θ] and Fk ≽2 Hk for k ∈ {1, 2}. Define θ = W−1(w).

SinceW is strictly increasing and strictly convex,W−1 is strictly increasing and strictly concave. To see
the latter, choose (w,w′) ∈ [0, w]2 withw ̸= w′. From the strict convexity ofW , we have that

αW (W−1(w)) + (1− α)W (W−1(w′)) > W (αW−1(w) + (1− α)W−1(w′)).

for all α ∈ (0, 1). SinceW−1 is strictly increasing, it follows that

W−1
(
αW (W−1(w)) + (1− α)W (W−1(w′))

)
> W−1

(
W (αW−1(w) + (1− α)W−1(w′))

)
,

which is equivalent to

W−1(αw + (1− α)w′) > αW−1(w) + (1− α)W−1(w′),

as required.

Finally, since we have assumedG1 andG2 are rationalizable, we have that∫ w

0

W−1(w)dGi(w) =

∫ θ

0

θdFi(θ) =

∫ θ

0

θdHi(θ) =

∫ θ

0

θdHj(θ) =

∫ θ

0

θdFj(θ) =

∫ w

0

W−1(w)dGj(w),

which is the required contradiction sinceGi dominatesGj in the strict concave order.

(If.) The argument is almost identical to the part of the proof of Theorem 1 showing statement (ii)
implies statement (i). Since neitherG1 norG2 dominates the other in the strict concave order, the same
argument as used in the proof of Theorem 1 implies that there exists a strictly increasing, strictly concave
functionM such that ∫ w

0

M(w)dG1(w) =

∫ w

0

M(w)dG2(w).

Since, affine transformations ofM will not affect the above equation, we can, without loss of generality,
assume thatM(0) = 0. Let θ = M(w).

Take a strictly increasing and strictly convex functionW : R+ → R+ that satisfiesW (θ) := M−1(θ)

for θ ∈ [0, θ] and define Fi(θ) := Gi(W (θ)). Clearly, Fi is a well-defined distribution.
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Finally, observe that

∫ θ

0

θdF1(θ) =

∫ w

0

M(w)dG1(w) =

∫ w

0

M(w)dG2(w) =

∫ θ

0

θdF2(θ)

where the first and last equalities follow from the change of variable θ = M(w) and the fact that
Fi(M(w)) = Gi(w) by construction. TakingHi = Fi completes the proof. ■

This result can also be used to derive the analogous version of Theorem 2 for the case of ordered means.
If we were to instead assume wage functions were concave, the statement would be verbatim withWconc

replacingWconv and the strict increasing convex order replacing the strict increasing concave order.

If Gi ≻1 Gj , then Gi also dominates distribution Gj in both the strict increasing concave and convex
orders. Thus, ?? shows that the testable implications are stronger under the assumption of convex wages
but, once again, they take a form that is easy to take to the data. There are well-known tests for higher
orders of stochastic dominance (the strict increasing concave order is related to second-order stochastic
dominance) developed in the econometrics literature (once again, see ?).

3. WITHIN-A-NEIGHBORHOOD MEANS

We use
H|1−2|≤d := {(H1, H2) | |EH1 [θ1]− EH2 [θ2]| ≤ d},

to denote the set of pairs of productivity distributions whosemeans differ by at most d ∈ R+. Addition-
ally, we assume

WL1 := {W ∈ W | |W (θ)−W (θ′)| ≤ |θ − θ′| for all θ, θ′ ∈ Θ} ,

that is, wage functions are 1-Lipschitz. This technical restriction imposes some discipline on the wage
function, that is, it ties changes in wages with changes in productivities. It is weaker than assuming that
wage functions are differentiable with slope at most 1.

We now characterize wage distributions that are rationalizable under these assumptions.

THEOREM 4.Wage distributionsG1 andG2 are rationalizable (givenH|1−2|≤d ,WL1) with mean pro-
ductivities that are within d of each other and a 1-Lipschitz wage function if, and only if, either

(i) the wage gap is at most d, that is, |EG1 [w]− EG2 [w]| ≤ d, or

(ii) neitherG1 norG2 strictly first-order stochastically dominates the other.
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PROOF.

(Only if.) Suppose the given wage distributionsG1 andG2 are induced bymodel primitivesH1,H2,F1,
F2 andW where |EHi

[θ]− EHj
[θ]| ≤ d.

Since thewage function is Lipschitz continuous, it is differentiable almost everywhere. Let θ = W−1(w).
Therefore, for each group i ∈ {1, 2}, we can write

EGi
[w] = [wGi(w)]

w
0 −

∫ w

0

Gi(w)dw

= w −
∫ θ

0

W ′(θ)Fi(θ)dθ,

where the second equality follows by a change of variable fromw to θ.

In light of Theorem 1, we only need to consider the case where Gi ≻1 Gj for some i ∈ {1, 2} and
j ∈ {1, 2} \ {i}. In this case, the above equation implies that

EGi
[w]− EGj

[w] =

∫ θ

0

W ′(θ)[Fj(θ)− Fi(θ)]dθ

≤
∫ θ

0

[Fj(θ)− Fi(θ)]dθ

= EFi
[θ]− EFj

[θ]

= EHi
[θ]− EHj

[θ]

≤ d,

where thefirst inequality follows fromthe fact thatW is 1-Lipschitz andFj(θ) ≥ Fi(θ) (sinceGj(W (θ)) ≥
Gi(W (θ))). As required, this shows that two wage distributions (ordered by strict first-order stochastic
dominance) are rationalizable (givenH|1−2|≤d ,WL1) only if the wage gap is at most d.

(If.) Once again, in light ofTheorem1 (the remark following the proof points out that thewage function
can be chosen to be 1-Lipschitz), we only need to consider the case whereGi ≻1 Gj for i ∈ {1, 2} and
j ∈ {1, 2} \ {i} and the wage gap satisfies |EGi

[w]− EGj
[w]| ≤ d.

These wage distributions are induced by Hi = Fi = Gi along with W (θ) = θ and these chosen
productivity distributions satisfy |EHi

[θ]− EHj
[θ]| = |EGi

[w]− EGj
[w]| ≤ d as required. ■

As Theorem 1 shows, if wages are not ordered by strict first-order stochastic dominance, they can be
rationalized with equal mean productivities. Consequently, they will be rationalized (given H|1−2|≤d ,
WL1) for any d ≥ 0; the additional restriction on thewage functionWL1 ⊂ W does not affect Theorem
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1 (the older version of this paper ? has a formal statement of this result). So the real contribution of ?? is
the first condition (i). This shows that thewage gap canbe auseful statistic to test for the presence of taste-
based discrimination, but only when the wage distributions are ordered by strict first-order stochastic
dominance.

An issue with applying the result in ?? to data is that the researcher has to choose the appropriate mean
productivity difference d to test for. However, the statement of this theorem can be inverted to show
that the wage gap is a tight lower bound for mean productivity differences required to rationalize the
wage distributions. In other words, if we want statistical discrimination alone to rationalize the data,
the wage gap is the smallest difference in productivity means required, whenever one wage distribution
first-order stochastically dominates the other.

THEOREM 5. SupposeG2 ≻1 G1. Then, there exist (H1, F1, H2, F2,W ) that jointly induceG1,G2 such
thatW ∈ WL1 andEH2 [θ]− EH1 [θ] = EG2 [w]− EG1 [w].

Moreover, every (H1, F1, H2, F2,W ) with W ∈ WL1, that jointly induce G1, G2 satisfy EH2 [θ] −
EH1 [θ] ≥ EG2 [w]− EG1 [w].

In words, this result states that every (H1, F1, H2, F2,W ) withW ∈ WL1 that induce wage distribu-
tionsG2 ≻1 G1 have the feature that the difference in mean productivities is at least the wage gap, and
that this bound is tight. Thus, the wage gap is a useful measure of the minimum productivity difference
required for statistical discrimination alone to rationalize the wage distributions. The data can be used
to contextualize this bound as we briefly mention in the discussion in Section 5 of the paper.

Instead of bounding absolute productivity differences, one could also try to bound percentage produc-
tivity differences. Formally, for α ∈ (0, 1), let

H1/2≥α := {(H1, H2) |EH1 [θ1] ≥ αEH2 [θ2]},

denote the set of productivity distributionpairs such that group1’smeanproductivity is at least a fraction
α of that of group 2. As with ??, one could first characterize the set of rationalizable wage distributions
and then invert the result to derive the bound. Unfortunately, there is too little structure in the model to
bound percentage differences.

THEOREM 6. SupposeG1(0) = G2(0) = 0. Then, for everyα ∈ (0, 1), every pair of wage distributions is
rationalizable (givenH1/2≥α ,WL1) with the ratio ofmean productivities being at leastα and a 1-Lipschitz
wage function.

PROOF. Wewill construct awage function such that thedistributionofposterior expectedproductivities
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obtained satisfies EF1 [θ] > αEF2 [θ]. We then takeHi = Fi.

Since G1(0) = G2(0) = 0 (and cumulative distributions are right continuous), there exists a small
enough w̃ > 0 such that

1−G1(w)

1−G2(w)
> α for all w ≤ w̃.

This in turn implies that ∫ w̃

0
[1−G1(w)]dw∫ w̃

0
[1−G2(w)]dw

> α.

Now take an ε ∈ (0, 1) and consider the following wage function

Wε(θ) =

{
εθ when θ ∈ [0, w̃/ε],

w̃ +
(
θ − w̃

ε

)
when θ > w̃/ε.

Note that, by construction, it is 1-Lipschitz. Let θ = W−1(w).

With this wage function, the ratios of the mean productivities become

EF1 [θ]

EF2 [θ]
=

∫ θ

0
θdF1(θ)∫ θ

0
θdF2(θ)

=

∫ θ

0
[1− F1(θ)]dθ∫ θ

0
[1− F2(θ)]dθ

=
1
ε

∫ w̃

0
[1−G1(w)]dw +

∫ w

w̃
[1−G1(w)]dw

1
ε

∫ w̃

0
[1−G2(w)]dw +

∫ w

w̃
[1−G2(w)]dw

=

∫ w̃

0
[1−G1(w)]dw + ε

∫ w

w̃
[1−G1(w)]dw∫ w̃

0
[1−G2(w)]dw + ε

∫ w

w̃
[1−G2(w)]dw

.

Since
∫ w̃
0 [1−G1(w)]dw∫ w̃
0 [1−G2(w)]dw

> α, we can find small enough ε such that

∫ w̃

0
[1−G1(w)]dw + ε

∫ w

w̃
[1−G1(w)]dw∫ w̃

0
[1−G2(w)]dw + ε

∫ w

w̃
[1−G2(w)]dw

=
EF1 [θ]

EF2 [θ]
> α

which completes the proof becauseWε is the requisite wage function. ■

This result states that, for any fraction α, every pair of wage distributions is rationalizable with produc-
tivity distributions whose means are within a fraction α of each other. Loosely speaking, this is because
we can consider wage functions that are very flat for lowwages but have slope one for higher wages. With

8



such a wage function, absolute differences in higher wages correspond to absolute differences in produc-
tivities but because the values of the latter are high, the percentage difference betweenmeanproductivities
becomes small. The additional assumptionG1(0) = G2(0) = 0 is trivially satisfied in any application
since we restrict attention to working adults and no one works for zero wages.

4. AGGREGATION

Our theory assumes that wages are generated by a single wage functionW . Wage data in a given occu-
pation frequently consists of wages from many different firms. Our test on aggregated data may suffer
from either Type-I or Type-II error. We demonstrate this via two examples.

Suppose there are two firms j1 and j2 and half the workers from each group work at each firm. Workers
from both groups are assumed to have equal mean productivities. Further, supposew = 1 and so wage
distributions are supported on a subset of [0, 1]. We first construct an example to demonstrate that,
even though there is taste-based discrimination against group 1workers, the aggregate wage distributions
may not be ordered by strict first-order stochastic dominance. In this case, our test conducted on the
aggregated wage distributions will (incorrectly) not find evidence of taste-based discrimination.

Specifically, let group 1’s wage distributions

Gj1
1 (w) = Gj2

1 (w) = w

be the uniform distributionU[0, 1] at both firms. Let group 2’s wage distributions be

Gj1
2 (w) = w2 and Gj2

2 (w) =


0 if 0 ≤ w ≤ 1

4
,

2
(
w − 1

4

)
if 1

4
< w ≤ 3

4
,

1 if 3
4
< w ≤ 1

at firms j1 and j2 respectively. Observe that firm j1 practices taste-based discrimination against group 1
becauseGj1

2 ≻1 G
j1
1 . Firm j2 does not discriminate and the wage distributions of both worker groups at

this firm (uniform distributionsU[0, 1] andU[1/4, 3/4] respectively) are not ordered by strict first-order
stochastic dominance.

The aggregate distribution 1
2
Gj1

1 + 1
2
Gj2

1 for group 1 is the uniformU[0, 1] distribution. The aggregate
distribution for group 2 evaluated atw = 3

4
satisfies

1

2
Gj1

2 (3/4) +
1

2
Gj2

2 (3/4) =
1

2
× 9

16
+

1

2
× 1 =

25

32
>

3

4
=

1

2
Gj1

1 (3/4) +
1

2
Gj2

1 (3/4)

and therefore the aggregate wage distributions 1
2
Gj1

2 + 1
2
Gj2

2 ⊁1
1
2
Gj1

1 + 1
2
Gj2

1 are not ordered by first-
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order stochastic dominance. Thus, in this example, our null hypothesis of no taste-based discrimination
will incorrectly not be rejected (Type-II error).

Conversely, we now construct an example in which the wage distributions of both groups at both firms
are not ordered by strict first-order stochastic dominance but they are in the aggregate. Specifically, let
group 1’s wage distribution

Gj1
1 (w) = Gj2

1 (w) = w

once again be the uniform distributionU[0, 1] at both firms. Group 2’s wages are given by

Gj1
2 (w) =

{
w + 1

16
−
(
w − 1

4

)2 if 0 ≤ w ≤ 1
2
,

w − 1
32

+ 1
2

(
w − 3

4

)2 if 1
2
< w ≤ 1,

Gj2
2 (w) =

{
w − 1

32
+ 1

2

(
w − 1

4

)2 if 0 ≤ w ≤ 1
2
,

w + 1
16

−
(
w − 3

4

)2 if 1
2
< w ≤ 1.

Note that forfirm j1, thewagedistributions satisfyGj1
2 (w) > Gj1

1 (w)whenw ∈ (0, 1/2) andGj1
2 (w) <

Gj1
1 (w) when w ∈ (1/2, 1). The opposite inequalities hold for the wage distributions in firm j2. Thus

thewage distributions in both firms are not ordered by first-order stochastic dominance. However, when
we aggregate them, we get

1

2
Gj1

2 (w) +
1

2
Gj2

2 (w) =

{
w + 1

64
− 1

4

(
w − 1

4

)2 if 0 ≤ w ≤ 1
2
,

w + 1
64

− 1
4

(
w − 3

4

)2 if 1
2
< w ≤ 1,

and observe that 1
2
Gj1

2 (w) +
1
2
Gj2

2 (w) ≥ w = 1
2
Gj1

1 (w) +
1
2
Gj2

1 (w) with the inequality strict for
w ∈ (0, 1/2) ∪ (1/2, 1). Thus, wages 1

2
Gj1

1 + 1
2
Gj2

1 ≻1
1
2
Gj1

2 + 1
2
Gj2

2 are ordered by strict first-
order stochastic dominance in the aggregate and so our test will incorrectly reject the null and suggest the
presence of taste-based discrimination (Type-I error).

5. MULTIDIMENSIONAL PRODUCTIVITY

We use θi = (θ1i , . . . , θ
K
i ) to denote theK-dimensional productivity of group i. We will assume that

employers perfectly observe the workers’ productivities. This simplifies the presentation of the result and
makes the result stronger because we are not employing the additional generality that signals allow for.

We say that a pair of distributions G1 and G2 are rationalizable with K-dimensional productivities if
there exist (i) productivity distributions H1 ∈ ∆

(
ΘK
)
and H2 ∈ ∆

(
ΘK
)
that have the same mean

EH1 [θ
k
1 ] = EH2 [θ

k
2 ] in all dimensions k ∈ {1, . . . , K} and (ii) a continuous wage functionW : RK

+ →
R that is additively separable and strictly increasing in each productivity dimension such that these jointly
induce the observed wage distributions. Observe that we allow the wage function tomap toR instead of
R+; this is purely to simplify the proof and does not affect the result whenG1(0) = G2(0) = 0.
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The next result shows that we can rationalize every pair of distributions with four dimensional produc-
tivities.

THEOREM 7. Every pair of wage distributionsG1 andG2 is rationalizable with 4-dimensional productiv-
ities.

PROOF. Suppose µ1 := EG1 [w] > µ2 =: EG2 [w]. The opposite case can be handled analogously. If
the means are equal, then the distributions are not ordered by strict first-order stochastic dominance and
so can be rationalized with a single dimensional productivity.

We now construct the productivitiesH1 andH2 for each group. For group 1, the distributionH1 is given
by:

• θ11 ∼ G1 is drawn independently and its marginal distribution is the same distribution as the wage
distribution of group 1;

• θ21 ∼ δµ2 is the degenerate distribution at the mean wage µ2 of group 2;

• (θ31, θ
4
1) are independentof thefirst twodimensions and they take values either

(
0,
√

2(µ1 − µ2)
)

or
(√

2(µ1 − µ2), 0
)
each with probability 1

2
.

For group 2, the productivity distributionH2 is given by:

• θ12 ∼ δµ1 is the degenerate distribution at the mean wage µ1 of group 1;

• θ22 ∼ G2 is drawn independently and its marginal distribution is the same distribution as the wage
distribution of group 2;

• θ32 ∼ δ√2(µ1−µ2)

2

is the degenerate distribution at
√

2(µ1−µ2)

2
;

• θ42 ∼ δ√2(µ1−µ2)

2

is the degenerate distribution at
√

2(µ1−µ2)

2
.

Notice that each productivity dimension has the same mean under both distributionsH1 andH2: they

are µ1, µ2,
√

2(µ1−µ2)

2
and

√
2(µ1−µ2)

2
respectively.

Let the wage function be given by

W (θ1, θ2, θ3, θ4) = θ1 + θ2 + (θ3)2 + (θ4)2 + µ2 − 2µ1.

and observe that it is continuous, additively separable and strictly increasing in each argument.
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Now observe that for group 1, the mean wage is

EH1 [W (θ1, θ2, θ3, θ4)] = µ1 + µ2 +
1

2
× 2(µ1 − µ2) +

1

2
× 2(µ1 − µ2) + µ2 − 2µ1 = µ1.

The wage distribution induced byH1 andW is thus precisely the distributionG1 as required since the
distribution of θ21 + (θ31)

2 + (θ41)
2 + µ2 − 2µ1 is simply the degenerate distribution at 0.

Similarly, observe that for group 2, the mean wage is

EH2 [W (θ1, θ2, θ3, θ4)] = µ1 + µ2 +
2(µ1 − µ2)

4
+

2(µ1 − µ2)

4
+ µ2 − 2µ1 = µ2.

The wage distribution induced byH2 andW is precisely G2 as required since the distribution of θ12 +
(θ32)

2 + (θ42)
2 + µ2 − 2µ1 is simply the degenerate distribution at 0.

This completes the proof. ■

In addition to requiring that the wage function is additively separable, we could assume that each dimen-
sion of the productivity (θ1i , . . . , θKi ) for both groups is drawn independently (with each dimension of
the productivity vector having equal means for both groups). Even in this case, Theorems 1 and 2 do
not hold; in other words, rationalizable wage distributions are not characterized by the absence of a strict
first-order stochastic dominance ordering.

As an example, suppose productivity is two-dimensional and the wage function is given by

W (θ1, θ2) = (θ1)2 + θ2.

Consider the following productivity distributions H1 and H2 and additionally assume that signals are
perfectly informative so the distribution of posterior expected productivities satisfy Fi = Hi for both
i ∈ {1, 2}. H1 assigns an equal probability to

(
1
3
, 1
)
and (1, 1) andH2 assigns an equal probability to(

2
3
, 1
2

)
and

(
2
3
, 3
2

)
. Note that each dimension of the productivity is independently distributed (because

one dimension of each ofH1 andH2 is constant) and themeans of each dimension ofH1 andH2 are the
same (2

3
and 1 respectively).

These generate wage distributions

G1(w) =


0 if 0 ≤ w <

(
1
3

)2
+ 1 = 10

9
,

1
2

if 10
9
≤ w < 12 + 1 = 2,

1 if 2 ≤ w,

and G2(w) =


0 if 0 ≤ w <

(
2
3

)2
+ 1

2
= 17

18
,

1
2

if 17
18

≤ w <
(
2
3

)2
+ 3

2
= 35

18
,

1 ifw ≥ 35
18
.

These distributions are rationalizable (with each dimension of the type vector independently drawn and
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an additively separablewage function) by constructionbut nonetheless thewage distributionsG1 ≻1 G2

are ordered by strict first-order stochastic dominance.

6. HIGHER MOMENTS

In themain text, we assumed that the wage is a strictly increasing function of the posterior mean produc-
tivity alone. We now show that if wages were to depend on highermoments of the posterior productivity
distribution, then all wage distributions are rationalizable.

Once again, we overload notation but the meaning should be clear. Let Wα(µ, σ
2) = µ − ασ2 with

α ≥ 0 be a wage function that assigns a wage based on both the posterior mean productivity µ and the
posterior variance σ2. Note thatWα is a linear function of the posterior mean and variance, is increasing
in the former and decreasing in the latter. We define

Wµ,σ2 := {Wα | α ≥ 0}

to be the set of all such wage functions. Rationalizability (givenHeq,Wµ,σ2) is defined as before, except
it is no longer sufficient to simply consider the distribution of posteriormean productivitiesFi (since the
variance matters too).

We now show that meaningful testable implications of the model disappear even with this limited class
of wage functions that are an affine function of only the posterior mean and variance. This shows that
a general (non-Gaussian) version of the model of ? is not refutable. In the following result, a nontrivial
wage distribution is one that does not have mass 1 on the highest wagew = w.

THEOREM 8. Every pair of nontrivial wage distributionsG1 andG2 is rationalizable (givenHeq ,Wµ,σ2)

with equal mean productivities and a wage function that is linear in the posterior mean and variance.

PROOF. If neitherG1 norG2 strictly first-order stochastically dominates the other, then the result fol-
lows from Theorem 1. So, assume thatGi ≻1 Gj for i ̸= j and hence EGi

[w] > EGj
[w].

To ease notation, we normalize the wages to be distributed in [0, 1]. (This is without loss of generality
sincewe can consider the re-scaled values ŵ := w/w and the re-scaleddistribution Ĝk, givenby Ĝk(ŵ) =

Gk(w × ŵ) for k ∈ {1, 2}.)

In what follows, we construct a wage functionWα ∈ Wµ,σ2 that rationalizes the wage distributions.

Take an α ≥ 0. For allw ∈ [0, 1], let θα(w) ∈ [0, 1] be the greatest solution to

w = θ − αθ(1− θ).

13



Note that the right-hand side of the above equation is continuous in θ, and takes values 0 and 1 at θ = 0

and θ = 1 respectively. Thus, a greatest solution θα(w) ∈ [0, 1] exists. Moreover, except when w = 0,
the above equation has a unique solution since the right side is strictly increasing whenever its value is
strictly greater than 0. Then, note that θα(w) is strictly increasing inw. Finally, observe that θα(w) ≥ w

and limα→∞ θα(w) = 1.

Let Θ = [0, 1]. Define the prior distribution Hα
j of group j to be the Bernoulli distribution (so sup-

ported on {0, 1}) such that the probability of [θ = 1] is
∫ 1

0
θα(w)dGj(w). Consider the signal (Sj, πj)

where Sj = [0, 1] and πj is a joint distribution overΘ× Sj such that

(i) the marginal distribution of πj overΘ is the priorHα
j ,

(ii) the marginal distribution over Sj isGj ,

(iii) the posterior distribution upon observing any sj ∈ [0, 1] is a Bernoulli distribution with the
probability of [θ = 1] being θα(sj).

Observe that this is a valid signal because the average of the posterior distributions
∫ 1

0
θα(sj)dGj(sj)

assigns the same probability to [θ = 1] as the prior. Observe also that, by construction, the prior distri-
butionHα

j , the signal (Sj, πj) and the wage functionWα induce the wage distributionGj .

For group i, we assume that the signal is perfectly informative and that the prior distributionHi is Gi.
Note that since the experiment is perfectly informative, the posterior variance is always zero so the wage
at any signal realization is simply the posterior expected productivity. Clearly, the prior Hi, a perfectly
informative signal (Si, πi) and the wage functionWα induce the wage distributionGi.

It remains to argue that we can choose α such that

EHα
j
[θ] = EHi

[θ].

By construction, we have:

EHα
j
[θ] =

∫
θα(w)dGj(w) ≥ EGj

[w],

lim
α→+∞

EHα
j
[θ] = 1,

EHi
[θ] = EGi

[w] > EGj
[w].

Since EGi
[w] < 1 (as distribution Gi is nontrivial), there exists a requisite α ≥ 0. This completes the

proof. ■
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It is possible to show an analogous result if we instead assume α ≤ 0. Our choice of α ≥ 0 is motivated
by ? and is natural if employers are risk averse. If we instead allow α ∈ R to be either positive or nega-
tive, then all distributions (including those that are not nontrivial) can be rationalized with equal mean
productivities.

We end this section by studying one additional wage setting process that does not depend on the pos-
terior expected productivity alone. As in the next section, we will assume a finite set of possible wages
{w1, . . . , wL}where 0 < w1 < w2 < · · · < wL < 1 (the last inequality is a normalization). We use gi,ℓ
to be the probability that workers of group i earn wℓ. To ease the exposition, we do not normalize the
signals and so each signal realization is not required to be an accurate estimate of the true productivity.

We say that wage distributionsG1 andG2 are rationalizable with learning if there exist (i) productivity
distributionsH1, H2 ∈ ∆(Θ) with equal means, (ii) a signal (S, πi) for each group i ∈ {1, 2}, and (iii)
a strictly increasing wage functionW : R+ → R+, such that Probπi

({s |Eπi
[W (θ)|s] = wℓ}) = gi,ℓ.

In words, each signal realization s (that arises with positive probability) generates a posterior distribution
πi(·|s) over the productivitiesΘ and the wage corresponding to this signal isEπi

[W (θ)|s]. The rational-
ization with learning criterion requires that the measure of the set of signal realizations (evaluated using
the marginal distribution of πi over S) that lead to wagewℓ is precisely the observed probability gi,ℓ.

Intuitively, if employers know for sure that the worker’s productivity is θ, they will pay themW (θ). The
rationalization with learning criterion captures the fact that employers may eventually perfectly learn the
worker’s productivity. When the employer is still learning the worker’s productivity, the wage is simply
the expectation of the future wage.

We now show that there are no testable restrictions subject to this criterion.

THEOREM 9. Every pair of wage distributionsG1 andG2 is rationalizable with learning.

PROOF. Without loss of generality, assume that

EG1 [w]− EG2 [w] =
L∑

ℓ=1

g1,ℓwℓ −
L∑

ℓ=1

g2,ℓwℓ ≥ 0

or, in words, that group 1 has weakly highermeanwages. We now construct the ingredients of themodel
that induce the given wage distributions.

The productivity distributionH1 is supported on twopoints {0, 1}. H1 assigns probability
∑L

ℓ=1 g1,ℓwℓ

to productivity θ = 1 and 1−
∑L

ℓ=1 g1,ℓwℓ to productivity θ = 0.
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For both groups, we assume that the set of signal realizations isS := {s1, . . . , sL}. The signal (S, π1) for
group 1 is constructed as follows. Themarginal distribution overS fromπ1 is such that signal realization
sℓ occurs with probability g1,ℓ. The posterior distributionπ1(·|sℓ) assigns probabilitywℓ to productivity
θ = 1 and probability 1− wℓ to productivity θ = 0. Observe that the marginal distribution of π1 over
Θ isH1 as it assigns probability

∑L
ℓ=1 g1,ℓwℓ to θ = 1 and the remaining probability 1 −

∑L
ℓ=1 g1,ℓwℓ

to θ = 0.

DefineW (0) = 0 andW (1) = 1. For any signal realization sℓ, the wage offered to workers is given by
π1(0|sℓ)×W (0)+π1(1|sℓ)×W (1) = wℓ and thusH1, π1 along with the defined values ofW induce
the wage distributionG1.

If
∑L

ℓ=1 g2,ℓwℓ =
∑L

ℓ=1 g1,ℓwℓ, then the same construction forH2 yields an appropriate rationalization.
So suppose that

∑L
ℓ=1 g2,ℓwℓ <

∑L
ℓ=1 g1,ℓwℓ.

Take a value 0 < w∗ < w1. For each ℓ ∈ {1, . . . , L}, we define qℓ by the equation

qℓ + (1− qℓ)w
∗ = wℓ ⇐⇒ qℓ =

wℓ − w∗

1− w∗ ∈ (0, wℓ).

Now observe that
L∑

ℓ=1

g2,ℓqℓ +

(
1−

L∑
ℓ=1

g2,ℓqℓ

)
θ = 1 >

L∑
ℓ=1

g1,ℓwℓ

when θ = 1 and

L∑
ℓ=1

g2,ℓqℓ +

(
1−

L∑
ℓ=1

g2,ℓqℓ

)
θ =

L∑
ℓ=1

g2,ℓqℓ ≤
L∑

ℓ=1

g2,ℓwℓ <
L∑

ℓ=1

g1,ℓwℓ

when θ = 0. We take θ∗ ∈ (0, 1) to be the value that satisfies

L∑
ℓ=1

g2,ℓqℓ +

(
1−

L∑
ℓ=1

g2,ℓqℓ

)
θ∗ =

L∑
ℓ=1

g1,ℓwℓ

and note that such a θ∗ exists by continuity.

Theproductivity distributionH2 is supported on twopoints{θ∗, 1}. H2 assigns probability
∑L

ℓ=1 g2,ℓqℓ

to 1 and the remaining probability 1 −
∑L

ℓ=1 g2,ℓqℓ to θ∗. Thus, the mean of H2 is
∑L

ℓ=1 g2,ℓqℓ +(
1−

∑L
ℓ=1 g2,ℓqℓ

)
θ∗. Note that, by construction, the means of both productivity distributions satisfy

EH2 [θ2] = EH1 [θ1] as required.

Take the wage functionW to be any strictly increasing, continuous function that satisfiesW (0) = 0,
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W (θ∗) = w∗ andW (1) = 1.

The signal (S, π2) for group 2 is constructed as follows. The marginal distribution over S from π2 is
such that signal realizations sℓ occurs with probability g2,ℓ. The posterior distribution π2(·|sℓ) assigns
probability qℓ to productivity θ = 1 and probability 1 − qℓ to productivity θ = θ∗. Observe that the
marginal distribution of π2 over Θ is precisely H2 as it assigns probability

∑L
ℓ=1 g2,ℓqℓ to productivity

θ = 1 and 1−
∑L

ℓ=1 g2,ℓqℓ to productivity θ = θ∗.

For any signal realization sℓ, the wage offered to workers is given by π2(θ
∗|sℓ) × W (θ∗) + π2(1|sℓ) ×

W (1) = wℓ and thusH2, π2 andW induce the wage distributionG2.

This completes the proof. ■

7. MULTIPLE GROUPS

In the main text, we have restricted our attention to two groups. The purpose of this section is to extend
Theorem 1 to n groups. To ease the arguments in this and the next section, we assume that all wage
distributions are finitely supported. Without loss of generality, we assume that the support is included
inW = {0, 1, 2, . . . , L}. (In empirical applications, wages are supported on finitely many rationals and
we can always redefine them to be supported on finitely many integers.)

LetN = {1, . . . , n} be the set of groups. We use gi,ℓ to denote the probability that group i receives wage
ℓ andGi,ℓ to denote the cumulative probability, that is,Gi,ℓ is the probability that wages are less than or
equal to ℓ.

We once again assume that all groups have the samemean productivity andwe denote this using the same
notation

Heq := {(H1, H2, . . . , Hn) |EH1 [θ1] = EH2 [θ2] = · · · = EHn [θn]}.

As with Theorem 1, we consider unrestricted wage functions in the setW .

Theorem 1 generalizes to n ≥ 2 groups as follows.

THEOREM 10. The wage distributions (G1, . . . , Gn) supported on a subset ofW are rationalizable (given
Heq,W) if, and only if, there do not exist nonempty subsets I, I ′ ⊂ N that satisfy I ∩ I ′ = ∅, I ∪ I ′ = N

and weights β ∈ ∆|I|−1, β′ ∈ ∆|I′|−1 such that∑
i∈I

βiGi ≻1

∑
i′∈I′

β′
i′Gi′ .

In words, this condition states that we cannot find two subsets of the groups and convex combinations of their

17



wage distributions that are ordered by strict first-order stochastic dominance.

PROOF. Since we have assumedwage distributions are discrete, we can rewrite the definition of rational-
izability in terms of a system of equalities and inequalities. We then use a version of the Farkas lemma to
take the alternative and the latter yields the requisite characterization.

Given any strictly increasing wage function W ∈ W , there exists a unique θℓ such that W (θℓ) = ℓ.
Thus, to rationalize the wage distributions (Gi)i∈N , we need to find a vector θ = (θ0, . . . , θℓ, . . . , θL)

with 0 ≤ θℓ < θℓ+1 such that the mean productivities

L∑
ℓ=0

θℓgi,ℓ =
L∑

ℓ=0

θℓgj,ℓ, (1)

of all groups (i, j) ∈ N ×N are equal. In other words, the wage distributions are rationalizable if, and
only if, there is a solution to the above equations as then we can chooseW (θℓ) = ℓ, Fi(θℓ) = Gi,ℓ and
Hi = Fi for all i ∈ N and 0 ≤ ℓ ≤ L to rationalize the wage distributions.

We now rewrite rationalizability conditions as a linear system of equalities and inequalities. To do so, we
define two matrices. The matrixA is

A =


g1,0 − g2,0 . . . g1,ℓ − g2,ℓ . . . g1,L − g2,L

g2,0 − g3,0 . . . g2,ℓ − g3,ℓ . . . g2,L − g3,L
...

...
...

...
...

gn−1,0 − gn,0 . . . gn−1,ℓ − gn,ℓ . . . gn−1,L − gn,L


and the matrixC is

C =


−1 1 0 . . . . . . 0

0 −1 1 . . . . . . 0
...

...
...

...
...

...
0 0 . . . . . . −1 1

 .

The matrixA has n− 1 rows and L+ 1 columns. The matrixC has L rows and L+ 1 columns. Wage
distributions (Gi)i∈N are rationalizable (givenHeq,W) iff we can find a solution to the system

A · θ = 0 andC · θ ≫ 0.

The first constraint captures the equal mean productivity requirement (??) and the second constraint
captures the requirement that θℓ < θℓ+1 for ℓ ∈ {0, . . . , L− 1}. Note that we do not need to include a
constraint that ensures θ ≥ 0 since if we find a solution θ, we can also find a positive solution by adding
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a large enough positive constant to θ.

A general version of the Farkas lemma (seeTheorem1.6.1 in ?) states that either there existsθ that satisfies
A · θ = 0 andC · θ ≫ 0 or there exists a solution (α,γ) to

α · A+ γ · C = 0,

where α = (α1, . . . , αn−1), γ = (γ0, . . . , γL−1) are row vectors of dimension n − 1, L respectively
and γ > 0 (that is, all coordinates are nonnegative with at least one positive).

The vector equation of the alternativeα · A+ γ · C = 0 can be written in the scalar form

n−1∑
i=1

αi(gi,ℓ − gi+1,ℓ) + (γℓ−1 − γℓ) = 0,

for all 0 ≤ ℓ ≤ L− 1. (With the normalization, γ−1 = 0.)

If we sum up these equations from 0 to 0 ≤ ℓ̄ ≤ L− 1, we get

n−1∑
i=1

αi(Gi,ℓ̄ −Gi+1,ℓ̄) +
ℓ̄∑

ℓ=0

(γℓ−1 − γℓ) =
n−1∑
i=1

αi(Gi,ℓ̄ −Gi+1,ℓ̄)− γℓ̄ = 0. (2)

Thus, the equationα·A+γ ·C = 0 of the alternative is equivalent to (??) holding for all 0 ≤ ℓ̄ ≤ L−1.

Further, since γ > 0, a solution to the alternative exists iff there existsα such that

n−1∑
i=1

αi(Gi,ℓ −Gi+1,ℓ) ≥ 0, (3)

for all 0 ≤ ℓ ≤ L − 1 with at least one strict inequality. To see this, observe that if there was an α

satisfying the above system of inequalities, we could simply set γℓ =
∑n−1

i=1 αi(Gi,ℓ − Gi+1,ℓ) and this
would satisfy γ > 0.

For a given ℓ, condition (??) can be rewritten as

n∑
i=1

(αi − αi−1)Gi,ℓ ≥ 0, (4)

with the convention thatα0 = αn = 0. Thus, a necessary and sufficient condition forwage distributions
(G1, . . . , Gn) to be rationalizable (givenHeq,W) is that there does not exist α that satisfies (??) for all
0 ≤ ℓ ≤ L − 1 with at least one strict inequality. We now show that this condition is equivalent to the
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condition in the statement of the theorem.

First, suppose the wage distributions (G1, . . . , Gn) are not rationalizable (givenHeq,W). This implies
that there existsα that satisfies (??) for all 0 ≤ ℓ ≤ L − 1 with at least one strict inequality. Now since∑n

i=1(αi−αi−1) = αn−α0 = 0, theαi−αi−1 terms cannot all be negative or positive andmoreover,
they cannot all be zero since condition (??) has to hold strictly for at least one ℓ.

Without loss, let the groups be labeled such that there is a 1 ≤ n̄ ≤ n− 1 for which αi − αi−1 ≥ 0 for
i ≤ n̄ and αi − αi−1 < 0 for i > n̄. We can rewrite inequality (??) as

n̄∑
i=1

(αi − αi−1)Gi,ℓ ≥
n∑

j=n̄+1

(αj−1 − αj)Gj,ℓ. (5)

Observe that 0 <
∑n̄

i=1(αi − αi−1) = αn̄ =
∑n

j=n̄+1(αj−1 − αj). Define

βi =

{
(αi − αi−1)/αn̄ if i ≤ n̄,

(αi−1 − αi)/αn̄ if i > n̄

and observe that (β1, . . . , βn̄) and (βn̄+1, . . . , βn) are n̄ and n − n̄ dimensional probability vectors.
Thus, because (??) holds for all 0 ≤ ℓ ≤ L− 1with at least one strict inequality, we get that

n∑
j=n̄+1

βjGj ≻1

n̄∑
i=1

βiGi.

Conversely, suppose, without loss, that for some 1 ≤ n̄ ≤ n− 1, we have

n∑
j=n̄+1

βjGj ≻1

n̄∑
i=1

βiGi.

for some (β1, . . . , βn̄) ∈ ∆n̄−1, (βn̄+1, . . . , βn) ∈ ∆n−n̄−1. Define

α1 = β1, α2 = β1 + β2, . . . , αn̄ = β1 + · · ·+ βn̄ = 1 and

αn̄+1 = 1− βn̄+1, αn̄+2 = 1− (βn̄+1 + βn̄+2), . . . , αn−1 = 1− (βn̄+1 + · · ·+ βn−1) = βn

and observe that this implies that (??) holds for all 0 ≤ ℓ ≤ L − 1 with at least one strict inequality.
Thus, these wage distributions cannot be rationalized (givenHeq,W). ■

It is also possible to derive an analogue of Theorem 2. Here, we assume that there are non-empty disjoint
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subsets (I1, . . . , Im) ofN with ∪m
j=1Ij = N and that the set of productivity distributions is given by

{(H1, H2, . . . , Hn) |EHj
[θj] ≥ EHj′

[θj′ ]when j ∈ Ik, j
′ ∈ Ik′ , k < k′ and EHj

[θj] = EHj′
[θj′ ]when k = k′}.

We omit the statement for brevity.

8. RATIONALIZATIONWHENTHESLOPEOFTHEWAGEFUNCTION IS BOUNDED

In the setting of ??, we restricted attention to 1-Lipschitzwage functions, which imposes an upper bound
on the slope of the wage functions. However, no lower bound was imposed. This made it possible for
arbitrarily large changes in expected productivities to induce arbitrarily small changes in wages paid – a
factwe exploit in the proof. The purpose of this section is to extend the analysis towage functions, whose
slopes take values in an interval [a, b] ⊂ R++. The lower and upper bounds may be taken from the
literature, for instance from Mincerian wage equation estimates. As in the previous section, we assume
(to simplify arguments) that all wage distributions are finitely supported on a subset ofW.

Specifically, we assume that the wage functionsW are strictly increasing and Lipschitz continuous with
a modulus of continuity in [a, b]; that is, a(θ′ − θ) ≤ W (θ′) −W (θ) ≤ b(θ′ − θ) for all θ′ > θ. We
denote the set of suchwage functions byWLab ⊂ W . Therefore, wherever differentiable,W ′(θ) ∈ [a, b]

for all θ ∈ R+,W ∈ WLab. We additionally impose thatW (0) = 0, so that aθ ≤ W (θ) ≤ bθ: wages
are a (possibly variable) fraction between a and b of expected productivity.1 Throughout this section, we
repeatedly use the following two observations.

Observation 1: When x, x′, y, y′, α > 0, the fraction

αx+ x′

αy + y′
=

x
y
(αy + y′) + y′

(
x′

y′
− x

y

)
αy + y′

=
x

y
+

y′
(

x′

y′
− x

y

)
αy + y′

is increasing in α if x
y
> x′

y′
and decreasing in α if x

y
< x′

y′
.

Observation 2: When x, x′, y, y′ > 0, then

x

y
≥ (resp., ≤)

x+ x′

y + y′
⇐⇒ x

y
≥ (resp., ≤)

x

y
+

y′
(

x′

y′
− x

y

)
y + y′

⇐⇒ x

y
≥ (resp., ≤)

x′

y′
.

We first argue that, because wages are discrete, it is without loss to restrict attention to piecewise linear
wage functions.

1If instead wages had a floorW (0) = c > 0 that is unrelated to productivity (for instance, due to a bindingminimumwage),
the bounds derived below are obtained by applying the same algorithm to the wage segments above c.
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LEMMA 1. Consider two wage distributions G1 and G2 supported on a subset of W and a wage function
W ∈ WLab. Let F1 and F2 be the distributions over posterior expected productivities induced by this wage
function, that is, Fi(θ) = Gi(W (θ)).

Then, there exists a piecewise-linear wage function Ŵ ∈ WLab whose kink points θ satisfy Ŵ (θ) ∈ W such
that this wage function also induces distributions over posterior expected productivities F1 and F2, that is,
Fi(θ) = Gi(Ŵ (θ)).

PROOF. Let {θ0, . . . , θL} = {W−1(0), . . . ,W−1(L)} be the pre-image of the wage functionW .

Consider the function

Ŵ (θ) =


θ−θ0
θ1−θ0

if θ ∈ [θ0, θ1),

1 + θ−θ1
θ2−θ1

if θ ∈ [θ1, θ2),
...

...
L− 1 + θ−θL−1

θL−θL−1
if θ ∈ [θL−1,∞).

Note that this function has the feature that Ŵ (θℓ) = ℓ for all 0 ≤ ℓ ≤ L.

We now argue that Ŵ ∈ WLab. It is clearly continuous by construction. Now, observe that for any
0 ≤ ℓ ≤ L− 1 and (θ′, θ) ∈ [θℓ, θℓ+1]

2 with θ′ > θ, we have

Ŵ (θ′)− Ŵ (θ)

θ′ − θ
=

Ŵ (θℓ+1)− Ŵ (θℓ)

θℓ+1 − θℓ
=

W (θℓ+1)−W (θℓ)

θℓ+1 − θℓ
∈ [a, b]

where the first equality follows from the piecewise linearity of Ŵ and the value of rightmost expression
is in [a, b] becauseW ∈ WLab.

Now take any θ < θ′ such that θ ∈ [θℓ, θℓ+1] and θ′ ∈ [θℓ′ , θℓ′+1]where 0 ≤ ℓ < ℓ′ ≤ L− 1. We then
have

Ŵ (θ′)− Ŵ (θ)

θ′ − θ
=

Ŵ (θ′)− Ŵ (θℓ′) + Ŵ (θℓ′)− Ŵ (θℓ′−1) + · · ·+ Ŵ (θℓ+1)− Ŵ (θ)

θ′ − θℓ′ + θℓ′ − θℓ′−1 + · · ·+ θℓ+1 − θ

∈

[
min

ℓ≤k≤ℓ′

{
Ŵ (θk+1)− Ŵ (θk)

θk+1 − θk

}
, max
ℓ≤k≤ℓ′

{
Ŵ (θk+1)− Ŵ (θk)

θk+1 − θk

}]
⊆ [a, b].

The second line follows fromtwo facts. Thefirst is that Ŵ (θ′)−Ŵ (θℓ′ )
θ′−θℓ′

=
Ŵ (θℓ′+1)−Ŵ (θℓ′ )

θℓ′+1−θℓ′
and Ŵ (θℓ+1)−Ŵ (θ)

θℓ+1−θ
=

Ŵ (θℓ+1)−Ŵ (θℓ)

θℓ+1−θℓ
because of the piecewise-linearity of Ŵ . The second is that the value of the fraction x+x′

y+y′
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with x, x′, y, y′ ≥ 0 lies between min
{

x
y
, x

′

y′

}
and max

{
x
y
, x

′

y′

}
(because of Observation 2).

The proof of the lemma is completed by the observation that the distributions of posterior expected
productivities F1 and F2 obtained by invertingG1 andG2 are the same under eitherW or Ŵ since, by
constructionW (θℓ) = Ŵ (θℓ) = ℓ for all 0 ≤ ℓ ≤ L. ■

A direct implication of the lemma is that it is without loss of generality to restrict attention to piecewise
linear wage functions. Note that, ifW is piecewise linear, so isW−1. Moreover, the set of kink points of
W−1 is a subset ofW and the slope ofW−1 between any ℓ, ℓ+ 1 ∈ W (which is simplyW−1(ℓ+ 1)−
W−1(ℓ)) lies in the interval [1/b, 1/a].

We useM to denote the set of strictly increasing, piecewise-linear continuous functions (the notation
captures thatM isW upside down) whose finite kink points are a subset ofW and whose slope at every
differentiable point lies between [1/b, 1/a]. EachM ∈ M takes the form

M(w) =


α0w if 0 ≤ w ≤ 1,

α1(w − 1) +M(1) if 1 < w ≤ 2,
...

...
αL−1(w − (L− 1)) +M(L− 1) ifw > L− 1

where all αi ∈ [1/b, 1/a].

Our aim is to bound the ratio
EH1 [θ]

EH2 [θ]
=

EF1 [θ]

EF2 [θ]
.

For anyM ∈ M, this ratio equals

EF1 [θ]

EF2 [θ]
=

∫M(L)

0
[1− F1(θ)]dθ∫M(L)

0
[1− F2(θ)]dθ

=

∫ L

0
[1−G1(w)]M

′(w)dw∫ L

0
[1−G2(w)]M ′(w)dw

=

∑L−1
ℓ=0 αℓ[1−G1(ℓ)]∑L−1
ℓ=0 αℓ[1−G2(ℓ)]

.

Thus, the bounds for EH1
[θ]

EH2
[θ]

are

[
min

α0,...,αL−1∈[ 1b ,
1
a ]

∑L−1
ℓ=0 αℓ[1−G1(ℓ)]∑L−1
ℓ=0 αℓ[1−G2(ℓ)]

, max
α0,...,αL−1∈[ 1b ,

1
a ]

∑L−1
ℓ=0 αℓ[1−G1(ℓ)]∑L−1
ℓ=0 αℓ[1−G2(ℓ)]

]
.

In what follows, we describe how to derive the values for these bounds. Specifically, we solve

max
α0,...,αL−1∈[ 1b ,

1
a ]

∑L−1
ℓ=0 αℓ[1−G1(ℓ)]∑L−1
ℓ=0 αℓ[1−G2(ℓ)]

. (6)
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The value of the lower bound can be derived analogously. Themaximization problem (??) is essentially a
knapsackproblemas the following two lemmata show. Weuse the convention that 1−Ĝ1(ℓ)

1−Ĝ2(ℓ)
= 0whenever

both the numerator and denominator are 0.

LEMMA 2. There is a solution (α∗
0, . . . , α

∗
L−1) to (??)where everyα∗

ℓ ∈ {1
b
, 1
a
}. In words, the slopes of each

linear piece take either the maximum or minimum possible value.

PROOF. Suppose the solution has some α∗
ℓ ∈

(
1
b
, 1
a

)
. Then, fromObservation 1, if

1−G1(ℓ)

1−G2(ℓ)
≥
∑

ℓ′ ̸=ℓ α
∗
ℓ′ [1−G1(ℓ

′)]∑
ℓ′ ̸=ℓ α

∗
ℓ′ [1−G2(ℓ′)]

the value of the objective function in (??) will weakly increase if we set α∗
ℓ = 1

a
. Conversely if the above

inequality is reversed, the value of the objective function in (??) will weakly increase if we setα∗
ℓ =

1
b
. ■

Now, sort the series {
1−G1(0)

1−G2(0)
,
1−G1(1)

1−G2(1)
, . . . ,

1−G1(L− 1)

1−G2(L− 1)

}
in increasing order and denote this sorted series by{

1− G̃1(0)

1− G̃2(0)
,
1− G̃1(1)

1− G̃2(1)
, . . . ,

1− G̃1(L− 1)

1− G̃2(L− 1)

}
.

In other words, 1−G̃1(ℓ)

1−G̃2(ℓ)
is the (ℓ + 1)th lowest value in the series

{
1−G1(0)
1−G2(0)

, 1−G1(1)
1−G2(1)

, . . . , 1−G1(L−1)
1−G2(L−1)

}
.

Note that the value of the objective in the solution to the problem

max
α0,...,αL−1∈[ 1b ,

1
a ]

∑L−1
ℓ=0 αℓ[1− G̃1(ℓ)]∑L−1
ℓ=0 αℓ[1− G̃2(ℓ)]

(7)

is identical to (??).

LEMMA 3. There is a solution to (??)where there is a cutoff index ℓ̂ such thatα∗
ℓ =

1
b
for ℓ ≤ ℓ̂ andα∗

ℓ =
1
a

for ℓ > ℓ̂.

PROOF. From Lemma ??, there is a solution in which every α∗
k ∈ {1

b
, 1
a
} for 0 ≤ k ≤ L − 1. So

suppose, for contradiction, that there exist ℓ < ℓ′ such that α∗
ℓ =

1
a
and α∗

ℓ′ =
1
b
. Clearly, it must be the

case that
1− G̃1(ℓ)

1− G̃2(ℓ)
≥
∑

k ̸=ℓ α
∗
k[1− G̃1(k)]∑

k ̸=ℓ α
∗
k[1− G̃2(k)]
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as, otherwise, Observation 1 implies that α∗
ℓ = 1

a
would not be a solution to (??). It then follows from

Observation 2 that:
1− G̃1(ℓ)

1− G̃2(ℓ)
≥
∑L−1

k=0 α
∗
k[1− G̃1(k)]∑L−1

k=0 α
∗
k[1− G̃2(k)]

.

In turn, this implies that

1− G̃1(ℓ
′)

1− G̃2(ℓ′)
≥ 1− G̃1(ℓ)

1− G̃2(ℓ)
≥
∑L−1

k=0 α
∗
k[1− G̃1(k)]∑L−1

k=0 α
∗
k[1− G̃2(k)]

≥
∑L−1

k ̸=ℓ′ α
∗
k[1− G̃1(k)]∑L−1

k ̸=ℓ′ α
∗
k[1− G̃2(k)]

where the first inequality is a consequence of the fact that 1−G̃1(·)
1−G̃2(·)

is sorted in increasing order and, the
second and third inequalities are a consequence of Observation 2.

Finally, the above inequality implies that the value of the objective function in (??) is weakly increasing
in αℓ′ (fixing all α∗

k with k ̸= ℓ′) so α∗
ℓ′ =

1
a
must also be a solution to (??).

This in turn implies that there is a solution to (??) with the requisite cutoff ℓ̂ in the statement of the
lemma. ■

The previous two lemmas yield a simple algorithm to determine the solution to (??).

Algorithm:

1. Sort the series
{

1−G1(0)
1−G2(0)

, 1−G1(1)
1−G2(1)

, . . . , 1−G1(L−1)
1−G2(L−1)

}
in increasing order and set up optimization

problem (??).

2. Evaluate the objective in (??) for all cutoffs ℓ̂ described in Lemma ??. The cutoff that maximizes
the value of the objective yields solution to (??).

This algorithm is computationally inexpensive: the time complexities of the first and second steps are
O(L log(L)) andO(L) respectively.
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